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Abstract

We are concerned with the study of stability and numerical results of discretization for alternating direct
implicit (ADI) method to two-dimensional advection-diffusion equation. We first discrete two-dimensional
advection-diffusion by using forward difference of time and central difference of space. Then, we have two
matrices with the step size of time (n,n + 0.5) and (n + 0.5,n + 1), in which this technique is the idea of
ADI method. The stability is established by using the Von-Neumann stability technique where the stability
characteristic of ADI method is unconditionally stable.
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1. Introduction

The alternating direct implicit method has been extensively studied by many researchers for some cases
of partial differential equations. The characteristic of unconditional stability of this method is one of some
reasons that this numerical method is easy to get the convergent results even it needs much time to do
discretization to partial differential equations.

The convergence of high order alternating direct implicit to two-dimensional diffusion equation with
fractional operator of time has been studied in Cui (2013), where the Caputo time-derivative was
approached in L' approximations and the second derivative of space was approached by compact finite
difference.Douglas (1962) generalized an alternating direct implicit to handle the space variables problem
which was a modification of the Crank-Nicolson. Moreover, the boundary of a rectangular parallelepiped
was considerable for nonlinear parabolic and elliptic problems.The alternating direct implicit was
addressed in multidimensional differential equations which reduced from the multidimensional problem
into sequence of one-dimensional problem Douglas (1955, 1964).

Li et al. (2013) introduced alternating direct implicit combined with finite element to two-dimensional
reaction-subdiffusion equation with fractional time-derivative, where the stability and error estimate were
studied. Peaceman and Rachford (1955) investigated the numerical results to two-dimensional heat
equation (which is well known as two-dimensional diffusion equation) by using the standard alternating
direct implicit. Wang and Vong (2015) studied the numerical results to fractional time-derivative
reaction-subdiffusion equation by employing compact alternating direct implicit finite difference, which
means that the original equation was first transformed into equivalent form and then it was discretized by
finite difference scheme. The numerical results of fractional sub-diffusion equation employing the new
alternating direct implicit and backward Euler method was studied in Zhang and Sun (2011). Moreover,
Zhanget al. (2012) addressed the Crank-Nicolson compact alternating direct implicit finite difference
scheme, where the stability and convergence were established by energy method.
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Based on the last studies, we present the numerical results to two-dimensional advection-diffusion
equation by using the standard alternating direct implicit with half step size of time. We are also
interested with the stability criteria of alternating direct implicit to two-dimensional advection-diffusion
equation by employing Von-Neumann stability. Moreover, this paper is organized as follows. Section 2,
we study the discretization processes of alternating direct implicit to two-dimensional advection-diffusion
equation by employing the forward difference in time and central difference in first and second derivate
of space. We further decompose the tridiagonal matrices which can be solved implicitly by MATLAB
software with various of At,Ax = Ay, in Section 3. Finally, in Section 4, we investigate the stability of
the discretization results by employing Von-Neumann technique and it can be concluded that the
alternating direct implicit to two-dimensional advection-diffusion equation is unconditional stable.

2. Methodology

There are some steps to study the numerical results and stability of ADI method to two-dimensional
advection-diffusion equation with half step of time, including:
1. Applying the finite difference of ADI method to two-dimensional advection-diffusion with half
step size of time to establish the discretization.
2. Grouping the same index of time for discretization results into two tri diagonal matrices.
3. Making the simulation based on the two tri diagonal matrices obtained before by using software
MATLAB 2010a.
4. Based on the discretization results, we can derive the stability by employing the Von-Neumann
stability technique.

3. ADI scheme to advection-diffusion

We consider the following two-dimensional advection-diffusion equation.
oU oU 9U 9*U  0°U
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where the initial condition and boundary conditions are respectively given as follows
U(x,y,0) = e~ (@*+¥%/100) - (x 3 € [-20,20]
U(-20,y,t) =0, U0,y,t) =0, U(x,—20,t) =0, U(x,20,t) =0
We further discrete (1) by applying the following Crank-Nicolson to establish the finite difference.

Ut —un 1 /1 1 1 /1 1
g = gl o)+ (o + 7o)
(2)
_i<16n+1+lan)_i(lan+1+lan)
Ax\2 7% 27) Aay\27Y 277

Now, we approach U, by forward difference, d,,, d,,, d,, and 9, by central difference. Moreover, we
assume that Ax and Ay are grids for the x-axis and y-axis respectively. Then, (2) becomes

Uir,ljJr1 B Uir.lj 1 n+1 n+1 n+1 n n n
At = 2 Ax2 ([Ui+1,j - 20 + Ui—l,j] + [Ui+1,j —2U7; + Ui—l,j])
1
+ szz ([Uir,ljth - ZUin,jJrl + Uir.ljtll] + [Uir.lj+1 - 2Uir.lj + Uir.lj—l])
—m( URRYy = UP ] + (U = UR]) )

1
_m ([Uir,ljﬁ-ﬁ - Uir,ljtll] + [Uir,lj+1 - Uir,lj—l])

1 1
= E(a,% +02) (Ut + UY) - E(a" +0,) (U + Uy
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which giVES
<] (02 +02) —— (0, + ay)) Uit (1 + —(62 +02) + (6 1 ay)) (4)

The idea behind ADI method is to separate two finite difference, the first one is implicit finite
difference for derivative of x and the second one is implicit finite difference for derivative of y. Because
of this reason, it follows from (3), we have the following two finite difference.

1
n+-
U, * = Uy , nal ,
— = @2+ 03U, > + (82 +0,)Uy (5)
2
and
U:n_+1 _ n+%
REC L N ((a2 + ax)u 2 + (02 + ay)u'},.+1> (6)

It follows from (5) and (6), one respectively has

(1 - %(aﬁ + ax)> U:;% = (1 + % (92 + ay)> Uz @)
and

(1 - %(ay2 + ay)) up = (1 + %(a,% + ax)> U:;% (8)
Combining (7) and (8) gives

At At
<1 -~ @2+ ax)) (1 —5 @7+ 0y)) uij

9
at At n ©)
=1+ 02+ 1+7(ay +9,)|U
4. Numerical results
It follows from (7) and (8), respectively obtained
—(s — 1)Ul 1,"'(1"‘25)” (5+1)UL+1] (10)
=+ DU+ Q=200 + (- DU,
and
—(t— 1)UL”]+11 +(1+ 2t)U-"+1 (t+ 1)Ul"jf+11
(11)
=(s+ DU; gt (1- Zs)U 2 + (s— 1)UL+]
where s = 2+—a1ndt:— 2+—
24x 24y 24y

We further iterate (10) for i =1,2,...,N and j=1,2,...,N and also substitute the boundary
conditions to (10), one has
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Similarly for (11), obtained
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time = 401.000

Figure 1. Numerical results of 2D advection-diffusion equation with At = 1,Ax = Ay = 1.5
time = 401.000
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Figure 2. Numerical results of 2D advection-diffusion equation with At = 1,Ax = Ay = 3.5

PRISMA 2022, Vol.5,773-780



Nurwidiyanto, M. Ghani 778

time = 134.000
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Figure 3. Numerical results of 2D advection-diffusion equation with At = 3,Ax = Ay = 1.5

Based on the results of numerical simulations on the two-dimensional advection-diffusion equation by
applying the ADI numerical method, we can conclude that the ADI numerical method is unconditionally
stable. This can be shown from Figure 1 to Figure 3 for various values of spaceAx, Ay, and time At,
assuming uniform grid-x and grid-y are the same (Ax = Ay), the graph movement always slopes. In
Figure 1 reaches the final value U(x,y,t) = x 10~(—16) with an iteration time of 401 until conditions
converge, Figure 2 reaches the value U(x,y,t) = x 10~(—3) with an iteration time of 401 until the
conditions converge, and Figure 3 reaches the value of U(x,y,t) = x 10~(—16) with an iteration time of
134 until the conditions converge.

5. Stability of ADI scheme toadvection-diffusion

A numerical scheme is called stable if the error is not increased for all the iteration of time. We further
employ the following steps to check whether the ADI method to two-dimensional advection-diffusion
equation stable or unstable.
We first substitute U; = A"e'#1% to (10), one has
—(s— 1)/1n+%eiﬁl("‘1)j +(1+ 25)/1”%6"31” —(s+ 1)A"+%e"31(i+1)1' (14)
= (t — DAV + (1 — 2t)AeF1 + (t + 1)AmeFriU+D

Dividing both sides by A"e#1% we have
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1 . . 1 1 . . . . . .
—(s — DazetPr) + (1 + 25)22 — (s + DAzeP) = (t — De Pl + (1 - 2t) + (¢t + 1etPr!
1, o i, . 1
& —sAz(e U + ) + 22(e7Hh — eFU) + (1 + 25) A2
_ t(eihri 4 etii) = (emibri — oifat) 4 (1 — 20)
1 1 1
& —sAz(2cosByj) — A2(2isinByj) + (1 + 25)Az = t(2cosByi) — (2icospByi) + (1 — 2t) (15)

1
& Az(—2scosByj + 2s — 2isinB;j) = 2tcosPii + 1 — 2t — 2icosp;i
. 2
1— 4tsin? 2% — 2ising,j
2B

2

@11:

1 + 4ssin — 2icospyi

Similarly, we substitute U, = A"e'#2 to (11), one has

_(t _ 1)/’{1’14’161:,821:(]'—1) + (1 + Zt)/’ln'i'leiﬁzl:j _ (t + 1)/’{'ﬂ+1eiﬁ2i(]'+l)

— 43 4 By (i-1)j n+3 o iBsij 43 o By (i41)) (16)
= (s — DA zeh=0J 4 (1 — 25)A™ " 2etP2l + (s + 1)1 2e P2 (D))

Then, we divide both sides by A"e2i/,

1 1 1 . .
—(t—Drze 2l 4 (1 420)22 — (t + DAzethel = (s — 1)e 2/ + (1 — 25) + (s + 1)eif2]
1L 1L 1
& —tAz(e7hel 4 eih2l) 4 J2(e7hel — eih2l) + (1 + 20) 22
= S(e_iﬁzj + eiﬁzj) — (e_iﬁzj — eiﬁzj) + (1 —_ 25)
1 1 1
S —tAz(2cosB,i) — Az2(2isinByi) + (1 + 2t)Az2 = s(2cosf,j) — 2icosPyj + (1 — 2s) (17)

1
© 12(—2tcosPyi + 1 + 2t — 2isinf,i) = 2scosPB,j — 2icosf,j + 1 — 2s
2

2820 _ oising,i

2
1+ 4tsin? 2 — 2icosp,

1 — 4ssin
L= Az =

Based on the calculations of 1,, and A,, we have non-negative of 1,, 4,, and |(1;,4,)| < 1. Then, we
can conclude that the ADI scheme for two-dimensional advection-diffusion equation is unconditionally
stable.

6. Conclusion

Based on the results and discussion, we can conclude that the ADI method with half step of time gives the
stable numerical results for any increment of space and time. This numerical method of ADI has the
characteristics of unconditionally stable under the results of Von-Neumann technique.
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