
Universitas Negeri Semarang - iTh

Turnitin_33871 Kreano 16(2).pdf

 

Document Details

Submission ID

trn:oid:::3618:126840209

Submission Date

Jan 25, 2026, 11:32 AM GMT+7

Download Date

Jan 27, 2026, 12:14 AM GMT+7

File Name

Turnitin_33871 Kreano 16(2).pdf

File Size

699.9 KB

24 Pages

8,446 Words

50,780 Characters

Page 1 of 31 - Cover Page Submission ID trn:oid:::3618:126840209

Page 1 of 31 - Cover Page Submission ID trn:oid:::3618:126840209



12% Overall Similarity
The combined total of all matches, including overlapping sources, for each database.

Filtered from the Report

Bibliography

Match Groups

89 Not Cited or Quoted  11%
Matches with neither in-text citation nor quotation marks

11 Missing Quotations  1%
Matches that are still very similar to source material

2 Missing Citation  0%
Matches that have quotation marks, but no in-text citation

0 Cited and Quoted  0%
Matches with in-text citation present, but no quotation marks

Top Sources

8% Internet sources

10% Publications

0% Submitted works (Student Papers)

Integrity Flags
0 Integrity Flags for Review

No suspicious text manipulations found.
Our system's algorithms look deeply at a document for any inconsistencies that 
would set it apart from a normal submission. If we notice something strange, we flag 
it for you to review.

A Flag is not necessarily an indicator of a problem. However, we'd recommend you 
focus your attention there for further review.

Page 2 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

Page 2 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209



Match Groups

89 Not Cited or Quoted  11%
Matches with neither in-text citation nor quotation marks

11 Missing Quotations  1%
Matches that are still very similar to source material

2 Missing Citation  0%
Matches that have quotation marks, but no in-text citation

0 Cited and Quoted  0%
Matches with in-text citation present, but no quotation marks

Top Sources

8% Internet sources

10% Publications

0% Submitted works (Student Papers)

Top Sources
The sources with the highest number of matches within the submission. Overlapping sources will not be displayed.

1 Internet

jpm.ejournal.unsri.ac.id 2%

2 Internet

ir.unisa.ac.za <1%

3 Publication

Mark Hogue, Dominic Scarcelli. "Nonequivalent definitions and student conceptio… <1%

4 Publication

Tika Dwi Nopriyanti, Zulkardi Zulkardi, Ratu Ilma Indra Putri, Nyimas Aisyah. "Th… <1%

5 Internet

diva-portal.org <1%

6 Publication

Mark Hogue, Dominic Scarcelli. "In-Service Secondary Mathematics Teachers’ Con… <1%

7 Internet

ummaspul.e-journal.id <1%

8 Publication

Xiru Huang, Haozhe Jiang, Wenye Zhou, Ritesh Chugh. " A Systematic Review of T… <1%

9 Publication

Atika Rahayu,  Laswadi, Aan Putra. "Alur belajar perbandingan trigonometri deng… <1%

10 Publication

Shanty, Nenden Octavarulia. "Fıfth Grade Students' Learning of Multiplication of … <1%

Page 3 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

Page 3 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

https://jpm.ejournal.unsri.ac.id/index.php/jpm/article/download/37/11/49
https://ir.unisa.ac.za/bitstream/handle/10500/32111/dissertation_sempe_m.pdf?isAllowed=y&sequence=1
https://doi.org/10.1080/0020739X.2021.1878302
https://doi.org/10.31764/jtam.v9i4.32560
https://diva-portal.org/smash/get/diva2:2001003/FULLTEXT02.pdf
https://doi.org/10.63504/jstem.v25i4.2687
https://ummaspul.e-journal.id/maspuljr/article/view/8458
https://doi.org/10.1111/ejed.70474
https://doi.org/10.22460/jpmi.v7i1.21628
https://gateway.proquest.com/openurl?res_dat=xri%3Apqm&rft_dat=xri%3Apqdiss%3A31661061&rft_val_fmt=info%3Aofi%2Ffmt%3Akev%3Amtx%3Adissertation&url_ver=Z39.88-2004


11 Internet

public-pages-files-2025.frontiersin.org <1%

12 Publication

Monica Tiara Gunawan, Hongki Julie, Marcellinus Andy Rudhito, Yosep Dwi Kristia… <1%

13 Publication

Gloria Sánchez-Matamoros, Ceneida Fernández, Salvador Llinares. "DEVELOPING … <1%

14 Internet

moam.info <1%

15 Internet

journal.uad.ac.id <1%

16 Publication

Dixon, Brian A.. "A Phenomenological Study: Black Single Mothers Attending Coll… <1%

17 Publication

Yuli Rahmawati, Peter Charles Taylor. "Empowering Science and Mathematics for … <1%

18 Publication

Sempe, Matobako. "Grade 12 Rural Mathematics Teachers 'Discourses During Cal… <1%

19 Publication

Erdem Çekmez, Adnan Baki. "Examining Students’ Generalizations of the Tangent… <1%

20 Publication

Kuru, Özge Dışbudak. "Supporting the Development of Prospective Mathematics … <1%

21 Internet

ejournal.radenintan.ac.id <1%

22 Internet

open.metu.edu.tr <1%

23 Internet

www.researchgate.net <1%

24 Publication

B, Bustang, Zulkardi Z, Darmawijoyo D, Maarten Dolk, and Dolly Van Eerde. "Deve… <1%

Page 4 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

Page 4 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

https://public-pages-files-2025.frontiersin.org/research-topics/62152/epub
https://doi.org/10.30598/jupitekvol8iss1pp78-89
https://doi.org/10.1007/s10763-014-9544-y
https://moam.info/978-602-19877-5-9-south-east-asia-design-_5a0504981723ddd456238210.html
http://journal.uad.ac.id/index.php/IJEME/article/view/8670
https://gateway.proquest.com/openurl?res_dat=xri%3Apqm&rft_dat=xri%3Apqdiss%3A31844560&rft_val_fmt=info%3Aofi%2Ffmt%3Akev%3Amtx%3Adissertation&url_ver=Z39.88-2004
https://doi.org/10.1201/9780429461903
https://gateway.proquest.com/openurl?res_dat=xri%3Apqm&rft_dat=xri%3Apqdiss%3A32053730&rft_val_fmt=info%3Aofi%2Ffmt%3Akev%3Amtx%3Adissertation&url_ver=Z39.88-2004
https://doi.org/10.1080/10511970.2015.1104765
https://gateway.proquest.com/openurl?res_dat=xri%3Apqm&rft_dat=xri%3Apqdiss%3A31660633&rft_val_fmt=info%3Aofi%2Ffmt%3Akev%3Amtx%3Adissertation&url_ver=Z39.88-2004
https://ejournal.radenintan.ac.id/index.php/al-jabar/article/view/18909
https://open.metu.edu.tr/bitstream/handle/11511/101248/index.pdf
https://www.researchgate.net/publication/321019215_Design_Research_Teori_dan_Implementasinya_Suatu_Pengantar
http://dx.doi.org/10.5539/ies.v6n8p58


25 Publication

Igor’ Kontorovich, Ofer Marmur, Lihua Xu, Michael Jennings, Eng Guan Tay. "Chap… <1%

26 Publication

Javier García-García, Camilo Andrés Rodríguez-Nieto, Gerardo Salgado-Beltrán, A… <1%

27 Publication

Nicole Engelke Infante, Kristen Murphy, Celeste Glenn, Vicki Sealey. "How concep… <1%

28 Publication

Yeliz Yazgan, Feride Sena Kocaoğlu Er, Hatice Kübra Güler Selek. "An Analysis of G… <1%

29 Internet

ia800109.us.archive.org <1%

30 Internet

vdoc.pub <1%

31 Internet

www.fisme.science.uu.nl <1%

32 Internet

www.grafiati.com <1%

33 Publication

Amy B. Ellis, Zekiye Özgür. "Trends, insights, and developments in research on th… <1%

34 Publication

Biza, I.. "First year mathematics undergraduates' settled images of tangent line", … <1%

35 Publication

Dina Lita Sari, Farida Nursyahidah. "Learning design for statistics materials using… <1%

36 Publication

Jhonatan Andres Arenas-Peñaloza, Astelio Silvera Sarmiento, Flor Monserrat Rodr… <1%

37 Publication

Kexin Wei, Lei Xing, Yuchen Li, Teng Xu, Qiangwei Li, Lidong Wang. "Heteropolyac… <1%

38 Internet

digibug.ugr.es <1%

Page 5 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

Page 5 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

https://doi.org/10.1007/978-981-97-1964-8_5
https://doi.org/10.29333/ejmste/16732
https://doi.org/10.1080/0020739X.2017.1410737
https://doi.org/10.1016/j.tsc.2025.101842
https://ia800109.us.archive.org/13/items/ERIC_ED577935/ERIC_ED577935_djvu.txt
https://vdoc.pub/documents/proof-and-proving-in-mathematics-education-31kunmu23vqg
http://www.fisme.science.uu.nl/en/impome/theses_group_2013/thesis_Boni.pdf
https://www.grafiati.com/fr/literature-selections/procedural-errors/journal/
https://doi.org/10.1007/s11858-023-01545-9
https://doi.org/10.1016/j.jmathb.2010.11.001
https://doi.org/10.29408/jel.v8i1.4067
https://doi.org/10.29333/ejmste/16641
https://doi.org/10.1016/j.seppur.2022.121144
https://digibug.ugr.es/bitstream/handle/10481/108739/Garcia-Duran_et_al_2025.pdf?isAllowed=y&sequence=1


39 Internet

e-journal.stkipsiliwangi.ac.id <1%

40 Internet

files.eric.ed.gov <1%

41 Internet

ia601305.us.archive.org <1%

42 Internet

iris.polito.it <1%

43 Internet

journal.ummat.ac.id <1%

44 Internet

jurnal.staialhidayahbogor.ac.id <1%

45 Internet

jurnal.uinsyahada.ac.id <1%

46 Internet

pages.pedf.cuni.cz <1%

47 Internet

www.academypublication.com <1%

48 Internet

www.igpme.org <1%

49 Publication

Cuadra, Alexandra. "Students' Understanding of Partial Derivatives Through the … <1%

50 Publication

Karina J. Wilkie. "Coordinating visual and algebraic reasoning with quadratic func… <1%

51 Publication

Kussainova, Gulnara. "Language in Context: Exploring the Learning Experiences o… <1%

52 Publication

Lyn D. English, David Kirshner. "Handbook of International Research in Mathema… <1%

Page 6 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

Page 6 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

https://e-journal.stkipsiliwangi.ac.id/index.php/infinity/article/download/5245/2275/20921
https://files.eric.ed.gov/fulltext/EJ1442340.pdf
https://ia601305.us.archive.org/19/items/ERIC_ED489597/ERIC_ED489597_djvu.txt
https://iris.polito.it/retrieve/c516c3a4-5b37-4e71-a79c-cd6bcdd1ed99/Bos%20Doorman%20Piroi%202020.pdf
https://journal.ummat.ac.id/index.php/jtam/article/view/32560
https://jurnal.staialhidayahbogor.ac.id/index.php/ei/article/download/2292/1045
https://jurnal.uinsyahada.ac.id/index.php/LGR/article/download/10281/5067
https://pages.pedf.cuni.cz/pbe/files/2024/09/PBE2023_final.pdf
https://www.academypublication.com/issues3/tpls/vol15/tpls1508.pdf
https://www.igpme.org/wp-content/uploads/2024/07/Vol-1-PME47-01-07-2024.pdf
https://gateway.proquest.com/openurl?res_dat=xri%3Apqm&rft_dat=xri%3Apqdiss%3A32264825&rft_val_fmt=info%3Aofi%2Ffmt%3Akev%3Amtx%3Adissertation&url_ver=Z39.88-2004
https://doi.org/10.1007/s13394-022-00426-w
https://gateway.proquest.com/openurl?res_dat=xri%3Apqm&rft_dat=xri%3Apqdiss%3A31847837&rft_val_fmt=info%3Aofi%2Ffmt%3Akev%3Amtx%3Adissertation&url_ver=Z39.88-2004
https://doi.org/10.4324/9780203448946


53 Publication

Rahma Siska Utari, Ratu Ilma Indra Putri, Zulkardi Zulkardi, Hapizah Hapizah. "Su… <1%

54 Publication

Rogier Bos, Michiel Doorman, Margherita Piroi. "Emergent models in a reinventio… <1%

55 Publication

Sözen Özdoğan, Sinem. "Classroom Mathematical Practices of the Seventh Grade… <1%

56 Publication

Ane Portillo-Blanco, Jenaro Guisasola, Kristina Zuza. "Integrated STEM education: … <1%

57 Publication

Irene Biza, Constantinos Christou, Theodossios Zachariades. "Student perspective… <1%

58 Publication

Irene Biza. "The discursive footprint of learning across mathematical domains: Th… <1%

59 Publication

New ICMI Study Series, 2015. <1%

Page 7 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

Page 7 of 31 - Integrity Overview Submission ID trn:oid:::3618:126840209

https://doi.org/10.22460/infinity.v14i3.p711-732
https://doi.org/10.1016/j.jmathb.2020.100773
https://gateway.proquest.com/openurl?res_dat=xri%3Apqm&rft_dat=xri%3Apqdiss%3A31659291&rft_val_fmt=info%3Aofi%2Ffmt%3Akev%3Amtx%3Adissertation&url_ver=Z39.88-2004
https://doi.org/10.3389/feduc.2025.1568885
https://doi.org/10.1080/14794800801916457
https://doi.org/10.1016/j.jmathb.2021.100870
https://doi.org/10.1007/978-3-319-09629-2


Designing a STEM-Based Learning Trajectory on Tangent Lines to Parabolas Using a Football 

Context for Pre-Service Teachers 

 

Tika Dwi Nopriyanti1, Zulkardi2*, Ratu Ilma Indra Putri 3, Nyimas Aisyah4 

12,3,4Universitas Sriwijaya, Palembang, Indonesia 
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Abstract 

Understanding the concept of a tangent line to a parabola is an important topic but often a challenge 
for prospective mathematics teacher students when learning emphasizes procedures over conceptual 
understanding. This research aims to design a STEM-based learning trajectory (Hypothetical Learning 
Trajectory) to enhance students' mathematical flexibility skills. The research method uses design 
research with three stages: initial design, learning experiment (pilot and full implementation), and 
retrospective analysis. The research subjects consisted of pre service mathematics teacher students 
from two classes. The learning path includes three STEM activities: exploring the crossbar challenge 
video in soccer, algebraic analysis and visualization using Desmos, and constructing and verifying 
tangents analytically and graphically. Data were obtained through classroom observation, interviews, 
worksheets, and videos, and were analyzed qualitatively using triangulation and the constant 
comparison method. The results show that students move from intuitive reasoning toward formal 
understanding thru transitions in contextual, symbolic, and graphical representations. Revising the HLT 
results in a Local Instructional Theory (LIT) that strengthens students' thinking flexibility and 
conceptual understanding. The results suggest that subsequent studies could refine and implement this 
LIT across diverse mathematical topics or STEM-integrated learning environments to examine its 
broader impact on students’ representational and reasoning flexibility. 
 

Keywords: STEM, Tangent Lines, Learning Trajectory, Football Context, Design Research 
 
Abstrak 

Pemahaman tentang konsep garis singgung pada parabola merupakan topik yang penting namun sering 
menjadi tantangan bagi mahasiswa calon guru matematika ketika pembelajaran lebih menekankan pada 
prosedur daripada pemahaman konseptual. Penelitian ini bertujuan untuk merancang lintasan belajar 
berbasis STEM (Hypothetical Learning Trajectory) guna meningkatkan kemampuan fleksibilitas matematis 
mahasiswa. Metode penelitian yang digunakan adalah design research yang terdiri atas tiga tahap: desain 
awal, eksperimen pembelajaran (uji coba awal dan implementasi penuh), serta analisis retrospektif. Subjek 
penelitian terdiri atas mahasiswa calon guru matematika dari dua kelas. Lintasan belajar yang 
dikembangkan meliputi tiga aktivitas berbasis STEM, yaitu mengeksplorasi video crossbar challenge dalam 
sepak bola, melakukan analisis aljabar dan visualisasi menggunakan Desmos, serta membangun dan 
memverifikasi garis singgung secara analitik dan grafis. Data diperoleh melalui observasi kelas, 
wawancara, lembar kerja mahasiswa, dan rekaman video, kemudian dianalisis secara kualitatif dengan 
teknik triangulasi dan metode perbandingan konstan. Hasil penelitian menunjukkan bahwa mahasiswa 
mengalami pergeseran dari penalaran intuitif menuju pemahaman formal melalui transisi representasi 
kontekstual, simbolik, dan grafis. Revisi terhadap HLT menghasilkan Local Instructional Theory (LIT) yang 
memperkuat keluwesan berpikir dan pemahaman konseptual mahasiswa. Hasil ini juga menunjukkan 
bahwa penelitian lanjutan dapat menyempurnakan dan mengimplementasikan LIT tersebut pada berbagai 
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topik matematika atau lingkungan pembelajaran berbasis STEM untuk menelaah dampak yang lebih luas 
terhadap fleksibilitas representasional dan penalaran mahasiswa. 

 

 

INTRODUCTION  

 

Background 

The topic of tangent lines to parabolas is not merely a subtopic within analytic geometry but a crucial 

component that underpins the development of students’ analytical and representational reasoning 

((Biza, 2021; Kondratieva & Bergsten, 2021) Through this topic, learners are guided to understand the 

relationship between the quadratic curve and its algebraic representation—an essential foundation for 

advanced mathematical thinking. Previous studies have emphasized that coordinating visual and 

algebraic reasoning in quadratic functions enables students to generalize and connect symbolic forms 

with graphical meaning (Wilkie, 2024), while curriculum analyses highlight that many learning 

difficulties stem from the lack of such representational coherence (Reid O’Connor & Norton, 2024). 

Integrating geometric visualization and algebraic structure within quadratic contexts supports higher-

order reasoning and flexible mathematical thinking (Wilkie, 2022). According to Kemendikbudristek 

(2022), the teaching of analytic geometry encompasses quadratic curves (parabolas and circles), and 

the gradient of tangent lines serves as a key concept for building representational connections and 

solving real-world problems such as analyzing ball trajectories, designing parabolic antennas, and 

calculating signal reflections (Santos-Trigo et al., 2024; Suci Wulandari et al., 2024). 

Problem Identification 

Despite its importance, students often struggle to understand the tangent line to a parabola 

conceptually. While some can apply analytical formulas or derivatives, many fail to relate them to the 

geometric meaning or real-world context of the parabola (García-García et al., 2025a). They tend to 

perceive the tangent merely as “a line that touches,” without understanding the condition of equal 

gradients or the role of the tangency point. Only a small percentage of students can define the tangent 

line as the limit of secant lines approaching the point of contact (Borji et al., 2024; García-García et al., 

2025a). These misconceptions are often reinforced by instructional practices that focus on procedural 

calculation rather than conceptual understanding (Rahayuningsih et al., 2025) 
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Theoretical Foundation 

A major challenge in understanding parabolic concepts lies in the limited use of real-world contexts that 

connect abstract mathematics to concrete experiences. Mathematical flexibility—the ability to 

creatively and adaptively employ multiple representations and strategies to solve problems—develops 

when instruction encourages transitions between geometric, algebraic, and contextual forms (Bolat & 

Arslan, 2024; Hickendorff et al., 2022; Jóelsdóttir et al., 2024). Studies show that representational 

transitions enhance conceptual understanding and problem-solving (Ayyıldız Altınbaş et al., 2025; 

Sproesser et al., 2022). The integration of authentic contexts is particularly effective in teaching 

tangent lines, as it allows students to link visual and algebraic representations (Bos & Wigmans, 2023; 

Kondratieva & Bergsten, 2021). A relevant real-world example is soccer, where the parabolic trajectory 

of a kicked ball can be analyzed to determine whether it will strike the goal crossbar—a context that 

vividly illustrates the geometric meaning of tangency (Santos-Trigo et al., 2024). Similarly, Nopriyanti 

et al., (2025) emphasizes that embedding real-world phenomena in geometry instruction enhances 

conceptual reasoning and engagement by allowing students to visualize mathematical ideas 

meaningfully. Thus, authentic contexts act not only as motivational tools but also as conceptual bridges 

that deepen understanding of tangency, slope, and the relationship between curves and equations. 

Research Gap 

Existing studies on tangent lines have largely focused on diagnosing misconceptions (Biza & 

Zachariades, 2010; García-García et al., 2025b) or examining STEM approaches for improving 

conceptual understanding (Portillo-Blanco et al., 2025; Roehrig et al., 2021). However, few have 

integrated these two strands—conceptual development and STEM-based design—within a coherent 

instructional framework. Moreover, research in the Indonesian context indicates a need for pre-service 

teachers to experience meaningful learning that connects formal mathematics with contextual 

reasoning, rather than relying solely on procedural methods (Hartini, 2020; Rahayuningsih et al., 2025) 

Research Contribution 

This study addresses these gaps by developing a STEM-based Hypothetical Learning Trajectory (HLT) 

for tangent lines to parabolas, designed through a design research approach. The HLT aims to guide 

students from intuitive (visual) reasoning to formal (symbolic) understanding through technological 

exploration. It also fosters mathematical flexibility by integrating design-based and real-world 
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problem-solving activities that require students to shift between graphical, analytical, and numerical 

strategies. The framework aligns with the five principles of integrated STEM learning—cross-

disciplinary integration, real-world problems, design-based learning, inquiry, and collaboration 

(Portillo-Blanco et al., 2025). Within this framework, activities such as the “crossbar challenge” in soccer 

serve as engaging contexts for modeling parabolic trajectories and determining tangent lines through 

geometric analysis. Ultimately, this study contributes a Local Instructional Theory (LIT) that bridges 

contextual STEM experiences with conceptual understanding, advancing both theoretical and practical 

insights into the development of mathematical flexibility among pre-service teachers. 

METHOD 

Research Approach 

This study employs a design research approach of the validation study type as outlined by (Gravemeijer 

and Cobb (2006). Design research was chosen because it provides a systematic framework for 

designing, implementing, and revising learning trajectories through iterative cycles of design and 

analysis. The primary aim is to produce a Learning Trajectory (LT) that can serve as a guide for lecturers 

or other educators in teaching similar concepts across different contexts. According to Gravemeijer and 

Cobb (2006) and Bakker (2018), the design research process consists of three main phases. 

 

  

 

 

Figure 1. , Proses design research Gravemeijer and Cobb (2006) and Bakker (2018) 

In addition to Gravemeijer and Bakker, this study also draws on the principles of Hypothetical Learning 

Trajectories (Simon, 1995), which emphasize the relationship between learning goals, learning 

activities, and the anticipated progression of students’ understanding (the hypothetical learning 

process). Within this framework, the HLT on tangent lines to parabolas was designed to guide pre-

service teacherss from context-based intuitive understanding (e.g., the crossbar challenge in soccer) 

toward the formal representation of the tangent line equation of a parabola, supported by STEM-based 

learning. 

The STEM approach employed in this study follows the integration framework described by (Bybee 

,2013; Roehrig et al., 2021;  Portillo-Blanco et al. 2025), which highlights five principles: (1) cross-
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disciplinary integration, (2) the use of real-world problems, (3) design-oriented solutions, (4) evidence-

based inquiry, and (5) collaboration. Integrating these principles into the HLT is expected to foster 

mathematical flexibility, as defined by Hickendorff et al. (2022), namely the ability to creatively and 

adaptively shift across strategies and representations in solving mathematical problems. 

 

Research Subject 

The subjects of this study consisted of 22 seventh-semester prospective mathematics teachers in the 

pilot experiment who had completed the Geometry course, and 27 third-semester prospective 

mathematics teachers in the teaching experiment who were currently taking the same course. The 

selection of these subjects was based on academic and theoretical considerations in design research, 

which emphasizes the importance of involving participants who possess relevant prior knowledge or 

are in the process of developing it (Gravemeijer & Cobb, 2006) In this context, students who had taken 

or were taking the Analytic Geometry course were deemed appropriate because they had been 

introduced to the fundamental concepts of curves, slopes, and tangent lines—knowledge essential for 

engaging meaningfully in the designed learning trajectory. 

 

Data Collection 

Data collection was carried out through interviews, observations, student activity sheets, and 

documentation in the form of video recordings. Interviews were conducted with the course lecturer to 

review the learning process and to gain insights into students’ ways of thinking. Observations focused on 

the implementation of instruction and student interactions during classroom discussions. Student 

activity sheets were developed based on the HLT designed with STEM principles as the foundation and 

were then used to evaluate the progress of the learning activities. After the instructional activities, 

students were given a test to assess their learning achievements from the designed tasks, which 

subsequently served as a basis for revising the HLT activities. In addition, documentation in the form of 

photographs and video recordings was conducted during both the pilot experiment and the teaching 

experiment to capture the learning process throughout the study.. 

Data Analysis 

Data were analyzed retrospectively with reference to the HLT using interviews, classroom 

observations, student activity sheets, and documentation. The qualitative analysis emphasized validity 

and reliability. Validity was ensured through triangulation (interviews, observations, documents, and 

video recordings) and process traceability, allowing readers to follow the learning trajectory and 
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reasoning behind each conclusion. Reliability was maintained through detailed procedural descriptions 

and cross-interpretation across data sources. 

Data from activity sheets, interviews, and observations were directly linked to each phase of the initial 

HLT. Students’ responses and strategies provided evidence for confirming or revising the conjectures of 

each activity, while patterns from the data guided adjustments to better align the HLT with students’ 

actual learning processes. 

This approach is consistent with Creswell & Creswell (2018) who emphasize that qualitative validity 

ensures interpretations reflect participants’ experiences, and reliability concerns consistency in 

reporting. It also aligns with Miles, Huberman, and Saldaña (2014), whose framework of data reduction, 

display, and verification was realized through systematic triangulation. To ensure trustworthiness, 

Lincoln and Guba’s (1985) criteria—credibility, transferability, dependability, and confirmability—were 

applied so that the conclusions remained credible and accountable. 

 

RESULTS AND DISCUSSION 

Preliminary Design 

At this stage, the researcher developed an initial HLT to be used in the learning process. The researcher 

then engaged in discussions with the Geometry course lecturer regarding the initial HLT design. The 

activities designed for the tangent line topic consisted of three activities and employed the Desmos 

application as a tool for visual verification. Desmos is a web-based mathematical visualization platform 

that enables students and teachers to explore mathematical concepts through interactive graphs, digital 

manipulatives, and real-time modeling activities. Beyond functioning as a graphing calculator, Desmos 

has evolved into an interactive learning medium that supports student-centered and inquiry-based 

learning approaches. Its use in mathematics instruction promotes students’ flexibility of thought by 

allowing them to explore multiple representations of concepts, select diverse problem-solving 

strategies, and enhance conceptual understanding through interactive visualization (Alabdulaziz & 

Higgins, 2025; Chien et al., 2025; Christie et al., 2025; Jumaniyazov et al., 2025). 

 

Teaching Eksperimen  

The STEM-based learning activities were developed based on the initially designed Hypothetical 

Learning Trajectory (HLT) and aimed to foster students’ mathematical flexibility. The pilot experiment 

served as the initial implementation stage to test the designed HLT and examine its feasibility in 

guiding students’ conceptual development. Findings from this stage provided critical feedback for 
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revising the HLT and resulted in an Adjusted Learning Trajectory (ALT), which was then used in the 

subsequent teaching experiment. Learning activities for the tangent line material were divided into 

three main stages, each designed to help students deepen their understanding of tangent lines and 

apply related concepts to real-world situations. The relationship between the STEM-based learning 

activities and the tangent line material is presented in Table 1. 

Table 1. The Relationship Between STEM-Based Learning and the Concept of Tangent Lines 

Learning Path Learning Activity  Tangent Lines equation of 
Parabola 

Activity 1 
Observing and analyzing 
the crossbar challenge 
video 

1. Watching a video about the crossbar 
challenge. 

2.  Concluding that the point of tangency 
is the meeting point between the ball’s 
trajectory and the crossbar, which 
occurs at exactly one point. 

Understanding the concept of 
a tangent point in the context 
of the crossbar challenge. 

Activity 2 
Determining the 
tangent line equation of 
a parabola in the 
context of the ball’s 
trajectory 

1. Presenting the problem of a ball’s 
trajectory in the form of a parabolic 
equation. 

2. Determining whether the ball will hit 
the crossbar by analyzing the trajectory 
equation. 

3. Students find the equation of the 
tangent line at the meeting point of the 
ball and the crossbar. 

4. Students sketch the tangent line and 
the ball’s trajectory using the Desmos 
application. 

Determining the tangent line 
equation of a parabola. 

Activity 3 
Predicting the tangent 
line equation 

1. Students open the Desmos application 
and plot a parabola using its general 
equation. 

2. Students select a point on the parabola 
curve and discuss how to determine the 
slope of the tangent line analytically. 

Determining the tangent line 
equation from the graph or 
from a given point. 

 

Activity 1: Observing and Analyzing the Crossbar Challenge Video 

The first activity in this learning trajectory begins with the context of the Crossbar Challenge, where a 

player attempts to kick the ball so that its trajectory hits the crossbar. This phenomenon is chosen 

because it is highly relatable to students’ everyday experiences and directly connected to the 

mathematical idea of a tangent line. From a pedagogical perspective, using the context of a popular 

sport such as soccer not only enhances learning motivation but also provides a realistic learning 

experience aligned with the principles of PMRI. Through this contextual exploration, students are 

guided to observe and analyze the parabolic motion of the ball, recognize the point of contact between 
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the trajectory and the crossbar as a tangency point, and gradually connect this understanding to the 

formal equation of a tangent line to a parabola. 

From a STEM perspective, the Crossbar Challenge serves as the starting point for integrating science, 

technology, engineering, and mathematics. Scientifically, students analyze the parabolic motion of the 

ball influenced by gravity. The technological aspect emerges when students use the Desmos 

application to visualize the ball’s trajectory and verify the tangent point. From the engineering 

perspective, students design strategies or simulations of how the ball can hit the crossbar. Meanwhile, 

the mathematical aspect focuses on exploring the tangent point, which in this context appears as the 

intersection between the parabolic trajectory of the ball and the horizontal line of the crossbar. Figure 2 

illustrates students’ activities related to the crossbar challenge. 

 

  

Figure 2. Students’ Activity Display on the Crossbar Challenge 

 

Through this activity, students are encouraged to observe a video of the crossbar challenge and 

then connect it with geometric concepts. Guiding questions such as “What are the possible outcomes 

when a crossbar occurs?” or “What geometric term is used to describe the intersection of the ball’s 

trajectory with the goalpost?” prompt students to develop intuitive understanding before moving on to 

more formal mathematical representations. In this way, the activity serves as a bridge between real 

(concrete) experiences and abstract concepts (the tangent line), in line with the goals of STEM-based 

learning that emphasize the integration of practical experiences with scientific reasoning. 
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English Version 

1.  What can you conclude from the video above? 
Answer: The crossbar video shows the concept of 
tangent lines in everyday life, especially in football 
when the ball hits the crossbar. The video illustrates 
how the ball bounces according to the tangent line 
direction. 

2. What are the possible outcomes if the ball hits the 
crossbar? 
Answer: If the ball hits the crossbar, there are several 
possibilities: 
a. The ball goes into the goal and results in a score 
b. The ball bounces outside the field without 

scoring 
c. The ball bounces and falls back into the field 

Figure 3. Students’ Responses to Activity 1 

Based on the students’ responses, it can be seen that they understood the mathematical concept of a 

tangent line through a real-life example in soccer, namely when the ball hits the crossbar. They were 

able to explain that the point of tangency determines the direction of the ball’s rebound, which reflects 

an accurate conceptual understanding. In addition, the students also demonstrated flexibility in 

thinking, by recognizing that a single event (the ball touching the crossbar) can lead to multiple possible 

outcomes— a goal, a miss, or the ball returning to the field. The ability to consider various possibilities 

rather than being fixated on a single outcome is an important indicator of flexible thinking. This shows 

that the students not only understood the concept theoretically but were also able to connect it to real 

situations and think openly about different possibilities. Figure 3 below presents the students’ responses 

to the subsequent question in Activity 1. 

 

English Version 

4. What kind of situation causes a crossbar to 
happen? 
Answer: 
A crossbar occurs when a kicked ball has a trajectory 
that is high enough but does not exceed the height of 
the goal. This usually happens if the kick has a steep 
elevation angle or enough speed to reach the 
crossbar. 
5. In geometry, what term is used to describe the 
point where the ball's path meets the goalpost? 
Answer: 
The term used is tangent point, which refers to the 
point where the ball touches the crossbar before 
bouncing. 
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6. Based on the activity you did, what can you 
conclude about a tangent line? 
Answer: 
A tangent line is a line that touches a curve at exactly 
one point without crossing it. In this context, the 
tangent point occurs when the ball touches the 
crossbar before changing direction according to the 
law of reflection. 

Figure 4. Responses of Students in Activity 1 

Based on the students’ responses, it can be seen that they demonstrated a good understanding of the 

tangent line concept, particularly in explaining that the point of tangency is the point where the ball 

touches the crossbar before bouncing, in accordance with the principle of reflection. In addition, the 

students also displayed flexibility by explaining that a crossbar event may occur due to various factors, 

such as the angle of elevation and the speed of the kick. This reflects flexible thinking, as the students 

were able to view a single phenomenon from multiple possible causes and relate it contextually to 

mathematical concepts. 

After conducting the pilot experiment and analyzing the findings during the learning process as well as 

the students’ work in completing Activity 1, the researcher held discussions with the lecturer to revise 

the HLT so that it became more focused and aligned with the learning objectives. Table 2 presents a 

comparison between the HLT and ALT in Activity 1. 

Table 2. Comparison between HLT and ALT in Activity 1 

Learning Activity HLT ALT 

1. Watching and analyzing a 
video about the crossbar 
challenge. 

2. Concluding that the point 
of tangency is the meeting 
point between the ball’s 
trajectory and the 
crossbar, which occurs at 
exactly one point. 

1. Students are able to analyze a 
video about the crossbar 
challenge and relate it to the 
concepts of the parabola and 
the tangent line. 

2. Students are able to conclude 
that the point of tangency is 
the intersection between the 
ball’s trajectory and the 
crossbar, which occurs at 
exactly one point 

Students are able to explicitly 
connect the phenomenon with 
geometric concepts: 

1. “What term is used in 
geometry to refer to the 
intersection point between 
the ball’s trajectory and the 
goalpost?”  

2. “If the point on the crossbar 
forms a straight line, then 
how is that line positioned 
relative to the ball’s 
trajectory?” 

 

Activity 2: Tangent Line Equation of a Parabola in the Context of Ball Trajectory 

In the design experiment phase of the second activity, the learning was focused on applying the context 

of soccer to understand the concept of a tangent line to a parabola. This activity was designed so that 
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students would not only be able to determine the equation of a tangent line, but also interpret real-life 

situations on the field through mathematical representations. With this approach, students were 

encouraged to connect contextual problems—such as the trajectory of a ball hitting the crossbar or the 

position of a photographer’s camera—with algebraic and calculus skills in determining tangent points 

and the gradient of a parabola. 

In the process, the integration of STEM elements became evident: science through the analysis of the 

ball’s trajectory as a parabolic motion phenomenon; technology through the use of the Desmos 

application for visualization and verification; engineering through the mathematical modeling of 

contextual events; and mathematics through the application of derivatives and systems of equations to 

determine the tangent line of a parabola. 

The results of this pilot experiment provided an initial picture of how students’ learning trajectories 

developed as they connected sports phenomena with analytic geometry concepts, while also 

demonstrating the potential of STEM integration in facilitating more meaningful learning. Figure 4 

below illustrates the second activity given to the students. 

  

Figure 5. Worksheet 2 

In the implementation of the second activity, students were engaged in analyzing the trajectory of a 

soccer ball modeled by a parabolic equation. The contextual problem addressed was the situation in 

which a ball is kicked toward the goal with the possibility of hitting the crossbar. Students were asked 

to sketch the trajectory of the ball and then determine mathematically whether the ball touches the 

crossbar. Through this series of tasks, students not only carried out algebraic and calculus procedures 

but also developed a conceptual understanding that the tangent line is a mathematical representation 

of the real interaction between the ball’s trajectory and another object on the field. 
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Based on the results of this pilot experiment, several important findings were obtained regarding 

students’ thinking patterns, problem-solving strategies, and the difficulties they encountered when 

connecting contextual phenomena with mathematical concepts. These findings will be presented in the 

following section to provide a more detailed picture of the students’ learning trajectories in this activity. 

 

 

Figure 6. Student Group Discussion Results for Activity 2 

 Based on the analysis of Activity 2, the students have understood that the tangent line to a 

parabola is a line that touches the curve at exactly one point. Although in this case the ball did not hit 

the crossbar, the students still demonstrated an important understanding: to determine a tangent line, 

it is necessary to identify the point of tangency on the parabola that is parallel to a given line (in this 

case, the horizontal line of the crossbar). Thus, their understanding has progressed from mere 

numerical calculations to conceptual skills in connecting real-world phenomena, algebraic 

representations, and graphical visualizations. After completing Activity 2, the researcher conducted 

interviews with the students to examine the effectiveness of the activity. The following section presents 

the results of the student interviews. 

Lecturer : “What do you think about the problem in the second activity regarding the ball’s trajectory 
toward the goal?” 

Student A : “In my opinion, the problem was interesting because it was directly connected to soccer. 
But when we calculated it, it turned out the ball did not touch the crossbar, so we could only 
conclude that the ball fell earlier.” 

Lecturer : “Did that help you understand the concept of the tangent line to a parabola?” 
Student A : “It did help, but not completely. Because we didn’t get the chance to find the tangent line 

that actually touches the parabola at the point on the goal. So it felt like something was 
missing, as if the concept did not fully appear.” 

Lecturer : “What do you think could be added to make the understanding of the tangent line clearer?” 
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Student B : “Maybe there should be an additional problem where the ball’s trajectory really touches the 
crossbar. If we had that case, we could prove the tangent line, not just stop at the conclusion 
that the ball did not reach.” 

Lecturer : “How about the problem-solving methods—was there a particular method that helped you 
more?” 

Student B : “If we used only one method, sometimes we weren’t sure. But when we were asked to try 
both derivatives and elimination, we could compare the results. That made us more 
confident that the tangent line equation was correct.” 

 
Based on the results of the pilot experiment and student interviews, it was found that the initial 

problem in cctivity 2 only produced a ball trajectory that did not touch the crossbar, preventing 

students from experiencing the process of determining a tangent line in a real situation. To address 

this, discussions with the model lecturer led to a revised scenario in which the ball’s trajectory actually 

touched the crossbar, allowing students to authentically explore the tangent line by identifying the 

exact point of tangency. The revision also aimed to enrich students’ problem-solving strategies through 

two complementary approaches: the elimination method, involving a quadratic–linear system, and the 

derivative method for determining the slope of the tangent. Students were guided to compare both 

methods to see how they converge on the same tangency point—the former emphasizing algebraic 

relationships and the latter the geometric interpretation of slope. This reflective comparison helped 

students perceive the methods as conceptually interconnected rather than procedural alternatives, 

thereby strengthening their learning trajectory and enhancing the quality of STEM integration. Table 3 

presents the comparison between the HLT and ALT in activity 2. 

Table 3. Comparison between HLT and ALT in Activity 2 

Learning Activity HLT ALT 

1. Presenting the problem of 
the ball’s trajectory in the 
form of a parabolic 
equation. 

2. Determining whether the 
ball will hit the crossbar by 
analyzing the trajectory 
equation. 

3. Students find the equation 
of the tangent line at the 
intersection point of the 
ball and the crossbar. 

4. Students sketch the 
tangent line and the ball’s 
trajectory using the Desmos 
application. 

1. Students determine the ball’s 
trajectory from the given 
equation. 

2. They attempt to determine 
whether the ball hits the 
crossbar by using substitution 
and simple manual 
calculations. 

3. Students determine the 
equation of the tangent line. 

4. Students use the Desmos 
application for verification. 

 

1. Students first predict 
whether the ball will hit the 
crossbar, then verify it 
through mathematical 
calculations and graphs. 

2. Students are asked to 
determine the equation of 
the tangent line at the 
crossbar point as a 
representation of the 
trajectory’s direction at that 
point. 

3. Students use two explicit 
approaches. 

4. Students compare the results 
from both approaches and 
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draw conclusions. 
5. Students use Desmos to 

connect algebra and 
geometry. 

5.  

Activity 3. Determining the Equation of a Tangent Line from a Graph or from a Given Point  

The third activity aimed to deepen students’ understanding of slope and tangent line equations on a 

parabola through the integration of technology and analytical approaches. Using the Desmos 

application, students explored the graph of a parabola, selected a specific point, and determined the 

tangent line equation analytically. This process exemplified STEM-based learning: science in 

interpreting slope as a derivative, technology through Desmos visualization and verification, 

engineering in designing predictive methods from point data, and mathematics in applying differential 

techniques. Students verified their results using Desmos’ tangent feature and engaged in group 

discussions to evaluate accuracy and construct arguments across visual and symbolic representations. 

The activity trained students to think flexibly by shifting between representations and formulating 

coherent justifications, thereby linking procedural understanding with conceptual reasoning through 

technology-supported exploration. Figure 7 illustrates Activity 3 on tangent lines to a parabola. 

  

Figure 7. Activity 3  

In the third activity, the design focused on developing students’ conceptual understanding of slope and 

the equation of a tangent line to a parabola through a STEM-based, inquiry-oriented approach. 

Students were guided to use the Desmos application to represent the graph of a parabola, select a 

point on the curve, and then predict the tangent line equation analytically based on the principles of 

derivatives. 

The science aspect was reflected in the understanding of derivatives as rates of change, technology in 

the use of Desmos as an exploratory and verification tool, engineering in designing predictive strategies 

to determine the slope of the line, and mathematics in the symbolic formulation of the tangent line 
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equation. The predicted results were then compared with direct visualizations through the tangent line 

feature in the application, enabling students to revise their approaches reflectively. 

Group discussions encouraged them to evaluate the accuracy of their calculations, construct coherent 

mathematical arguments, and compare different problem-solving strategies. This activity aimed to 

foster students’ mathematical flexibility through transitions across representations (graphical, 

symbolic, technological), while also deepening their understanding of the relationship between 

differential geometry and functional visualization in the context of technology-enhanced learning. The 

following section presents the results of student group discussions for the third activity. 

  

Figure 8. Students’ Responses in the Third Activity 

Analysis of students’ responses revealed a growing understanding of the tangent line as a 

mathematical object linking geometric and analytical representations. Through exploring points on a 

parabola and using derivatives to determine slopes, students recognized that the gradient at a given 

point is defined by the local properties of the function, not chosen arbitrarily. This understanding 

reflects a shift from viewing the tangent merely as a “touching line” to conceiving it as the limit of 

secant lines approaching the tangency point, consistent with the formal definition in calculus. 

Moreover, students’ ability to construct tangent line equations from a point and slope indicated 

mastery of linear equations and their analytic justification through derivatives. Verification using 

Desmos strengthened the link between symbolic and visual reasoning, as students compared predicted 

and actual graphs, reflected on discrepancies, and deepened their conceptual insight—understanding 

that mathematical validity involves both procedural accuracy and geometric meaning. 

In addition, students’ responses to conceptual questions about the effect of the coefficient a in the 

parabola equation on the slope of the tangent line indicated a functional understanding of the role of 

parameters in altering the properties of the curve and the rate of change at a given point. They also 
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understood that a tangent line parallel to the x-axis occurs at the vertex of the parabola, showing that 

they had internalized the idea that a zero derivative marks the extreme point of a function. After the 

third activity, the researcher conducted interviews with students to examine whether the STEM-based 

learning that took place supported their understanding of the tangent line topic. 

Lecturer : After completing the third activity, how did you find the process of determining the 
tangent line to a parabola? 

Student A : In my opinion, the process was quite clear. We started from the parabola graph in 
Desmos, then chose a point on the curve and determined the gradient using derivatives. 
From there, we were able to construct the tangent line equation. 

Lecturer : How did Desmos help you in understanding this? 
Student C : Desmos was very helpful. We could immediately see whether the line we predicted truly 

touched the curve at a single point. If it didn’t match, we knew we had to check our 
calculations again. The visualization made us more confident about the concept. 

Lecturer : Do you think this STEM-based learning made the lesson more engaging? 
Student A : Yes, because we weren’t just calculating; we also analyzed scientifically, used 

technology, and discussed together to solve the problem. We even tried other scenarios 
to see how changes in the curve affected the tangent line. 

Student B : I also felt that we learned more comprehensively. There was the science aspect when 
discussing curve changes, technology through Desmos, mathematics in the formulas, 
and engineering when designing solution strategies. 

Lecturer : In that case, do you think this activity helped you understand the tangent line concept 
better compared to previous lessons? 

Student C : Much more helpful, Sir. We didn’t just memorize formulas; we truly understood how the 
tangent line works. And we could explain why the results turned out that way, not just 
present the final answer. 

 

The reflections drawn from the findings during the learning process, student interviews, and activity 

results were discussed in an FGD with the model lecturer. It was concluded that some students had not 

yet fully understood the role of coefficients in influencing the shape of the curve. Therefore, in the 

discussion process, it was necessary to guide students in determining the appropriate values of a, b, and 

c to produce a clear parabola graph. 

Table 4. Comparison between HLT and ALT in Activity 3 

Learning Activity HLT ALT 

1. Plotting a parabola 
using the general 
equation. 

2. Selecting a point on 
the parabola curve 
and discussing how to 
determine the slope 
of the tangent line 
analytically. 

1. Students plot a parabola 
using the general 
equation. 

2. Students select a point on 
the parabola curve and 
discuss how to determine 
the slope of the tangent 
line analytically. 

1. Students first predict whether the 
ball will hit the crossbar, then verify 
it through mathematical 
calculations and graphs. 

2.  Students are asked to determine 
the equation of the tangent line at 
the crossbar point as a 
representation of the trajectory’s 
direction at that point. 
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3. Students use two explicit 
approaches. 

4. Students compare the results of 
both approaches and draw 
conclusions. 

5. Students use Desmos to connect 
algebra and geometry. 

 

Retrospective Analysis 

The retrospective analysis focused on evaluating the alignment between the designed Hypothetical 

Learning Trajectory (HLT) and the Actual Learning Trajectory (ALT) observed during the pilot and 

teaching experiments. Overall, the findings revealed both consistencies and necessary revisions that 

contributed to the refinement of the Local Instructional Theory (LIT). 

In Activity 1, students were able to relate the crossbar challenge video to the concept of tangent lines. 

Their responses demonstrated intuitive recognition that the tangent point determined the ball’s 

rebound direction. This confirmed the initial HLT prediction that contextual phenomena could bridge 

everyday experiences with abstract geometric reasoning. However, classroom discussions also 

indicated the need to include more guiding questions so that students could explicitly articulate the 

connection between the observed context and the mathematical concept. This revision contributed to 

the LIT by emphasizing the pedagogical value of contextual anchoring as the entry point for developing 

conceptual understanding. 

In Activity 2, the initial problem produced a ball trajectory that did not touch the crossbar. Although 

students correctly concluded that the ball fell before reaching the goal, they did not experience the 

process of deriving a tangent line from a real contact point, limiting the realization of the HLT’s 

conceptual goals. The revised task introduced a scenario where the ball’s trajectory actually touched 

the crossbar, enabling students to construct and compare tangent equations using both system 

elimination and derivative methods. This comparison strengthened the LIT by illustrating how dual-

solution strategies can promote representational flexibility and deepen conceptual coherence. 

In Activity 3, students demonstrated significant progress in transitioning from visual to symbolic 

representations. They recognized the tangent line not merely as “a line that touches” but as the limit of 

secant lines approaching a single point, consistent with the formal definition in calculus. The 

integration of Desmos facilitated verification and reflection, allowing students to test their predictions 

graphically and analytically. However, some students still struggled to interpret the influence of 
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coefficients (a, b, c) on the shape of the parabola, which led to the inclusion of additional scaffolding 

tasks in the refined LIT to support symbolic reasoning. 

Taken together, the retrospective analysis shows that each iterative revision—from contextual 

anchoring (Activity 1), dual-method exploration (Activity 2), to representational integration (Activity 

3)—contributed directly to the formulation of a contextually grounded LIT. The cycle of testing, 

feedback, and refinement between the HLT and ALP thus produced a coherent theoretical framework 

that integrates STEM principles to foster both conceptual understanding and mathematical flexibility. 

 

Discusion 

This study reveals that a STEM-based learning trajectory effectively supports the development of 

prospective mathematics teachers’ mathematical flexibility in understanding the concept of the 

tangent line to a parabola. These findings align with prior research emphasizing that flexibility emerges 

when learners engage with multiple representations and connect contextual, symbolic, and graphical 

reasoning (García-García et al., 2025a; Hickendorff et al., 2022). By embedding realistic contexts, 

mathematical modeling, and technology integration, the learning trajectory not only fostered deeper 

conceptual understanding but also provided evidence of how iterative design can bridge procedural and 

conceptual knowledge. This suggests that incorporating STEM principles within a structured HLT 

framework can serve as a powerful pedagogical model for cultivating adaptive and connected 

mathematical thinking among pre-service teachers. 

In the first activity, the use of the Crossbar Challenge video proved effective as a contextual entry point. 

This finding complements the perspective of Santos-Trigo et al., (2024), who emphasized the 

importance of dynamic contexts, by demonstrating that a familiar soccer phenomenon can stimulate 

students’ geometric intuition toward the parabola. Students’ recognition of the tangent point as the 

unique intersection between the ball’s trajectory and the crossbar confirmed the initial conjecture that 

contextual experiences can activate intuitive reasoning, forming a foundation for formal exploration. 

The second activity built upon this intuition by guiding students to analytically determine the tangent 

line through two complementary approaches: the system elimination and derivative methods. The 

inclusion of a revised scenario where the ball’s trajectory actually touched the crossbar enabled 

students to compare these methods critically. Unlike previous studies that treated strategy selection as 

independent choices (Hickendorff et al., 2022; Jóelsdóttir et al., 2024), this research demonstrated that 

flexibility can be fostered through reflection on how both strategies converge toward the same 
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mathematical idea. This reinforces the novelty of the design, in which problem-solving diversity serves 

as a scaffold for representational coherence. 

The third activity consolidated learning by transitioning from visual reasoning to formal symbolic 

representation. Students began to interpret the tangent line not only as a touching line but as the limit 

of secant lines—addressing a misconception highlighted by Biza & Zachariades (2010). With the 

support of Desmos, they linked the coefficients of the parabola’s equation with the slope of its tangent, 

illustrating a more integrated understanding between algebraic form and geometric meaning. This use 

of technology provided empirical evidence that visualization tools can accelerate conceptual 

progression from concrete to abstract reasoning. 

Viewed collectively, the three activities functioned as an interconnected sequence within the HLT—

each stage preparing the conceptual groundwork for the next. The contextual exploration (Activity 1) 

evoked intuition, the analytical dual-method investigation (Activity 2) deepened reasoning, and the 

technological formalization (Activity 3) solidified understanding. Together, they formed a coherent 

learning trajectory that advanced students’ transition from intuitive to formal mathematical thinking. 

The study’s main contribution lies in demonstrating how integrating STEM principles—science through 

analyzing parabolic motion, technology through Desmos, engineering through problem design, and 

mathematics through formalization—within a unified HLT framework can promote both conceptual 

understanding and mathematical flexibility, representing a state-of-the-art approach to geometry 

learning in 21st-century education (Portillo-Blanco et al., 2025; Rahayuningsih et al., 2025) 

 

Implication of Research 

 

The findings of this study provide several important implications for various stakeholders in 

mathematics education. For future researchers, the Learning Trajectory (LT) developed in this study 

can serve as a reference framework for designing and refining learning trajectories in other 

mathematical topics, such as calculus, geometry, or algebra, which likewise demand flexibility in 

shifting between representations. The design research methodology, with its iterative cycles, also 

opens opportunities for comparative studies across different educational levels and diverse cultural 

contexts. 

For practitioners—lecturers or teachers—the STEM-based learning trajectory designed in this study 

offers a practical model for integrating real-world contexts, such as the soccer crossbar challenge, with 

the mathematical concept of tangent lines. The structured activities encourage students to progress 
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from intuitive reasoning to formal understanding through multi-representational tasks, thereby 

providing educators with concrete strategies to foster students’ flexibility in thinking and depth of 

conceptual understanding. 

For policymakers and curriculum developers, this study underscores the importance of embedding 

STEM principles and realistic contexts within teacher education programs. By supporting the 

integration of technology (e.g., Desmos) and inquiry-based learning, educational policies can better 

prepare pre-service teacherss to deliver meaningful and flexible mathematics learning that aligns with 

21st-century competency demands. 

Overall, the implications of this study affirm that a STEM-based learning trajectory is not only relevant 

for enhancing students’ conceptual understanding of tangent lines, but also holds potential to enrich 

teaching practices, strengthen curriculum design, and open new directions for research. Thus, the 

results of this study are expected to make a tangible contribution to the development of theory, 

practice, and policy in mathematics education. 

 
Limitation  

This study has several limitations that should be acknowledged. In terms of participants, the study 

involved only 49 prospective mathematics teachers from two classes, so the findings cannot yet be 

generalized broadly. In terms of content, the focus was limited to the concept of tangent lines to 

parabolas, meaning that the effectiveness of the designed STEM-based learning trajectory may not 

necessarily apply to other mathematical topics without adaptation. In terms of context, the learning 

activities were carried out in classrooms with the support of specific technology (Desmos), which may 

not fully represent school conditions with limited access to technology. In terms of time, the research 

was conducted within a single semester, which does not capture the long-term impact on students’ 

development of mathematical flexibility. In terms of design, this study employed a design research 

approach of the validation study type, emphasizing internal validity through the testing of the HLT, but 

it did not compare the effectiveness of this learning trajectory with other approaches in an 

experimental manner. 

 

CONCLUSION 

This study highlights a coherent pattern showing that a STEM-based learning trajectory, developed 

through a design research approach, can serve as an effective framework for fostering mathematical 

flexibility and conceptual understanding among prospective mathematics teachers. The integration of 
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contextual phenomena, symbolic reasoning, and technology demonstrated how authentic contexts can 

bridge intuitive and formal thinking within mathematics learning. The core contribution of this research 

lies in formulating a Local Instructional Theory (LIT) that connects STEM principles with the progressive 

development of geometric reasoning, offering both theoretical and practical implications for 

mathematics teacher education. This LIT can be adapted to other calculus and geometry topics—such 

as derivatives of trigonometric functions, optimization problems, or the study of circle and ellipse 

tangency—by maintaining the integration of contextual modeling, technology-based visualization, and 

analytical reasoning. Moreover, its implementation in secondary school settings could provide students 

with meaningful experiences that connect mathematical abstraction to real-world phenomena, thereby 

promoting flexible and connected mathematical thinking. Future research may further explore these 

adaptations to evaluate their effectiveness in diverse educational contexts. 
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