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Abstract: Double pendulum is a mechanical system that exhibits complex dynamic behavior, often used to study
nonlinear dynamics and chaos. Along with the development of research, this system has been extended with the addition
of several new constraints. This research aims to conduct a Systematic Literature Review (SLR) related to the extension
of the double pendulum system and the formulation of the relevant equations of motion. The article search was
conducted systematically, resulting in 27 documents that met the inclusion criteria. The results of the analysis show that
the extension of the gantry pendulum crane system with a payload is the main focus in this study. In addition, the most
frequently used decomposition model is a mathematical model with a Lagrangian approach. These findings provide deep
insights for further development of mathematical models as well as their applications in the fields of robotics, system
control, and dynamic structural analysis.
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Introduction

The double pendulum is a simple mechanical system that exhibits complex dynamic behavior,
including the emergence of chaos even under slightly different initial conditions (Strogatz, 2018). It is often
used as a model to study nonlinear dynamics, chaotic behavior, and the interactions between mechanical
components. In practical applications, the double pendulum plays an important role in various fields such as
robotics, system control, and dynamic structural analysis (Baker & Gollub, 1996).

Building upon this fundamental understanding, researchers have extended the double pendulum
system to explore its behavior under increasingly complex conditions. These extensions involve the addition
of elements such as variable masses, springs, damping effects, or external interactions. Lagrangian-based
analytical methods constitute one of the main approaches in modeling and analyzing the dynamics of these
systems, as the Lagrangian formulation provides a strong theoretical foundation for deriving the equations
of motion (Chai et al., 2021).

Based on the analysis conducted in this article, some research questions (RQ) that can be raised to
deepen the understanding of the double pendulum system are as follows:

RQ 1: What are the recent extensions of the double pendulum system that have been studied in the
literature, and how do they affect the understanding of nonlinear dynamics and chaos?

RQ 2: To what extent does the physical model contribute to understanding the dynamic behavior
of the double pendulum system compared to the mathematical model?

Accordingly, this article aims to conduct a Systematic Literature Review (SLR) of studies related to the
double pendulum system, including its extensions and modeling strategies. The focus is on identifying
research trends, significant contributions, and open challenges, particularly in relation to decomposition
models that refer to modular analysis, segmentation of system dynamics, or separation of degrees of
freedom. This approach is expected to provide in-depth insights into the development of mathematical
models and their applications across various disciplines.

74



Physics Communication, 2025, 9(2), 74-82

Double Pendulum System Expansion

Double pendulum systems have long been an object of study in nonlinear dynamics. As research
progresses, many system extensions have been proposed to broaden the understanding and practical
applications of this system. A key extension involves modifications to the system configuration, including
the addition of external forces or additional pendulums. For example, several studies have introduced
double pendulum systems that incorporate additional electromagnetic or gravitational forces to observe the
system's behavior under more complex conditions (Cunha et al., 2015). The inclusion of more than two
pendulums has also been explored to extend the model into multi-body systems, making them more
applicable to robotics and applied mechanics (Nenuwe, 2019).

In addition, friction and damping factors-—-often neglected in idealized double pendulum models--are
now considered critical components in contemporary models. Air resistance, mechanical friction, and
temperature variations can significantly influence the pendulum’s motion, necessitating more realistic
mathematical formulations. Models incorporating damping effects have been developed to simulate the
system more accurately, allowing for results that better represent real-world dynamics (Kurcbart et al,,
2009). In such cases, the mathematical modeling approach commonly employed is based on Lagrangian and
Hamiltonian mechanics, which offer more efficient formulations of the equations of motion, even when
additional complex elements are introduced.

In addition to applications in mechanics theory, double pendulum systems are also widely used in
various technological applications, especially in the fields of robotics and control systems. For example,
double pendulums are used to model the motion of robot arms with high degrees of freedom, or to
understand system stability and control in the context of autonomous (Nenuwe, 2019). Further research in
chaos dynamics and bifurcations has also shown how these systems can exhibit behavior that is highly
sensitive to initial conditions, resulting in chaos effects that are often difficult to predict. This knowledge is
crucial in designing robust and adaptive control systems, especially in technological applications that require
high precision (Kurcbart et al., 2009).

With these various extensions, the double pendulum remains a relevant model for studying the
dynamics of non-linear systems, both in theoretical and applied contexts. The development of more
advanced numerical and analytical techniques allows for a more in-depth study of these systems, with a
focus on an increasingly wide range of practical applications in various scientific and engineering fields.
However, despite the growing interest and numerous studies on the double pendulum, there is a noticeable
gap in synthesizing this body of research through a comprehensive and systematic literature review. Many
existing works focus on specific aspects or applications without providing a holistic overview of the
methodologies, findings, and emerging trends. This gap highlights the necessity of conducting a Systematic
Literature Review to map out the current state of research, identify overlooked areas, and propose future
directions.

Mathematic Model

Mathematical models play an important role in analyzing and understanding the dynamic behavior of
physical systems, including the double pendulum system. In this context, mathematical models are used to
describe the interactions between the components of the system and formulate equations of motion that
reflect the dynamics of the system. There are several approaches commonly used in the development of
mathematical models for double pendulum systems, including the Lagrangian, Hamiltonian, and Equation of
Motion approaches.

The Lagrangian approach, which is based on Lagrange's principle, relates the kinetic energy and
potential energy of the system. By using generalized variables, this approach allows researchers to express
the equations of motion in a simpler and more elegant form, making them easier to analyze (Yu et al., 2018).
This approach is very useful in capturing nonlinear dynamics and interactions between components, which
are the main characteristics of the double pendulum system. Research by Nenuwe (2019) shows that the
Lagrangian approach can be used to analyze more complex systems by adding new elements, such as
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external forces or interactions between pendulums.

Meanwhile, the Hamiltonian approach focuses on the total energy of the system and is often used to
analyze the conservative properties of dynamic systems. In this approach, the system is expressed in terms
of a Hamiltonian function, which is the sum of kinetic energy and potential energy. The Hamiltonian approach
provides additional insight into system behavior, especially in stability and chaos analysis (Nenuwe, 2019).
Research Maraslidis et al. (2022) shows how this approach can be applied to design more effective controls
in systems involving inverted pendulums.

On the other hand, the Equation of Motion approach involves directly writing the equations based on
Newton's laws or basic principles of dynamics. Using this method, researchers can explicitly write down the
relationship between the forces acting on the system and the resulting motion. This approach is often used
in practical applications because it provides a clear understanding of how external and internal forces affect
system dynamics (Orsini, 2021). Research by Zhang et al. (2020) shows that this approach can be used to
develop better control strategies in crane systems involving the double pendulum effect.

Methods

Systematic data collection using the PRISMA (Preferred Reporting Items for Systematic Reviews and
Meta-Analyses) reference procedure, which includes selected scientific searches, inclusion and exclusion
criteria used, and eligibility met.

| Identification of studies via databases Scopus
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Figure 1. Flow of Search and Selection Procedure
Literature Search

Literature search was conducted using the Scopus database. The search was limited to article titles
containing the words “double pendulum” to ensure that the documents obtained were truly relevant and
specifically discussed double pendulum systems. This search was conducted using the advanced query
“TITLE (double AND pendulum),” resulting in 1,076 documents.

Although limiting the search to titles can increase the specificity of the search results, further studies
are recommended to expand the scope of the search to include abstracts (ABS) and keywords (KEY) in order
to capture relevant studies that do not explicitly include the term in the title. In this study, advanced search
techniques such as backward snowballing and forward snowballing were not applied because the scope of
the research had been systematically determined through database queries.
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Inclusion and Exclusion Criteria

The selected time frame for the literature search was four years, from 2020 to 2023. The inclusion
criteria covered all types of articles, with the exception of conference papers, book chapters, and errata. To
simplify the synthesis process in the next stage, articles with restricted access were also excluded. Thus, only
articles with free access were included in the analysis, as outlined in Table 1. The selection of open-access
articles is intended to ensure that all articles can be accessed and reviewed comprehensively, given the
limited access to closed publications.

Table 1. Inclusion and Exclusion Criteria

Criteria Inclusion Exclusion
Year 2020-2023 <2020 or >2023
Document Type Article Note, Review, Letter, Erratum
Open access All Green, Hybrid Gold, bronze

This combination of search identification and criteria can be expressed with the advanced query
"TITLE (double AND pendulum) AND PUBYEAR >2019 AND PUBYEAR <2024 AND (LIMIT-TO (DOCTYPE, "ar"
) ) AND (LIMIT-TO (LANGUAGE, "English" ) ) AND (LIMIT-TO (OA, "all"))". We obtained 40 documents for
restriction with these criteria

Eligible

The next step was to verify the availability of documents for access. From the verification results, 36
documents were successfully accessed and met the eligibility criteria. Meanwhile, 4 other documents were
not included in the analysis because their full text was not accessible. The successfully accessed documents
were then used in the synthesis process in the next stage.

Synthesis

The synthesis process was carried out on 36 documents that had been obtained, focusing on the
specified categories, namely the development of a double pendulum system and its decomposition model.
From the synthesis results, 9 articles were not included because they did not meet the criteria, namely they
did not discuss the development of a double pendulum system. Thus, 27 articles were obtained that met the
synthesis criteria and were relevant for further analysis.

Results and Discussion

Double Pendulum System Expansion

Based on an analysis of 27 articles that met the research criteria, 15 variations or developments of the
double pendulum system were found. Of these 15 variations, there were three types of systems that were
most dominant based on the number of articles discussing them. Eleven articles discussed the gantry
pendulum crane system with payload, two articles discussed the pendulum bridge crane system with
distributed mass payload, and two other articles investigated the quadrotor system carrying a double
pendulum.

From the results of this analysis, it can be concluded that the gantry pendulum crane system with
payload is one of the most significant topics in the study of double pendulum system development, as shown
in Table 2.

Thematic analysis reveals significant differences in characteristics between each system. Crane-based
systems, such as gantry and bridge cranes, generally involve larger masses and emphasize load stability
during lifting and movement processes. These systems have fewer degrees of freedom but present
significant challenges in controlling load oscillations and external disturbances.

Conversely, quadrotor-based systems have a higher degree of freedom and exhibit greater sensitivity
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to chaotic behavior due to lighter loads and dynamic flight conditions. Therefore, control requirements for
quadrotor systems are far more complex and necessitate adaptive control strategies to maintain stability
during transportation.

Based on the analysis results, the most widely discussed double pendulum system expansion is the
“pendulum gantry crane with load.” This system is designed to lift and move heavy loads using two
connected pendulums, where one pendulum functions as a lifting arm and the other as a support pendulum,
as illustrated in Figure 2. This gantry crane is commonly used in industrial applications, such as in ports for
moving containers and in construction for lifting heavy materials, where precision and stability are critical.

Table 2. Inclusion and Exclusion Criteria
System Expansion Freq Reference

Pendulum gantry crane with payload 1 (Alhassan et al., 2023; Amer et al., 2025; Chai et al., 2021;

Crane bridge pendulum with
payload mass distributed

Quadrotor that transports a double
pendulum

Pendulum double with varying
rod lengths and a center of

mass moving in an elliptical

orbit

Installed boom bolster

on double pendulum

suspensions

Spatial double pendulum with axis

connection cylinder non-parallel.

Double-Inverted Pendulum (DIP)
mounted on the train

Double pendulum used in the
context of swing control on a jib
crane mounted in a ship.

Double pendulum used in crane
control rotary

Two rotating pendulums. This set is
mounted on the LDS V780 shaker
head, and both pendulum bodies
are made of aluminum beam

Active suspension of spray boom
based on the double pendulum
system

Compound double pendulum

Jaafar et al., 2021; Orsini, 2021; Qiang et al., 2021; Shi et al,,
2022; T. Wang et al., 2021; Wu et al., 2022; M. Zhang et al.,
2020b; W. Zhang et al., 2021a)

(Lizuain et al., 2020; Vrabel, 2021)

(Estevez et al., 2021; Qi et al., 2022)

(de Menezes Neto et al., 2022)

(Chen et al., 2012)

(Smirnov & Smolnikov, 2021)

(Maraslidis et al., 2022)

(J. Wang et al., 2024)

(Ouyang et al., 2021)

(Wojewoda, 2023)

(Lietal. 2023)

(Williams, 2023)
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Figure 2. Double Pendulum Crane Model

In solving the double pendulum system that has been developed, it is necessary to select the
appropriate model. One commonly used approach is the decomposition model, which is a method that
aims to break down complex systems into simpler components so that analysis and solution become
easier. By applying decomposition, a system that was previously difficult to analyze as a whole can be
understood through its separate parts, both in terms of dynamics and control.

Based on the study in this research, the decomposition model used can be categorized into
several types of models, which are described in detail in Figure 3.
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MNumber of Articles
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Figure 3. Categories of Models Used in Double Pendulum Studies

There are two categories of models used in this study, namely mathematical models and physical
models. Mathematical models are abstract representations of systems that use mathematical equations to
describe dynamic behavior and interactions between components within a system. These models generally
employ three main approaches: Lagrangian, Hamiltonian, and the Equation of Motion, which are then
analyzed numerically.

The Lagrangian approach focuses on kinetic and potential energy within the system, enabling a
simpler and more elegant analysis of nonlinear dynamics. The Hamiltonian approach, on the other hand,
emphasizes the total energy of the system and is often used to analyze the conservative properties of a
dynamic system. Meanwhile, the Equation of Motion approach directly derives the equations of motion
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based on Newton's laws, providing a more concrete understanding of the influence of forces on the system's
motion.

Based on the study results, 29 articles used mathematical models, with 7 articles using the Lagrangian
approach, 2 articles using the Hamiltonian approach, and 20 articles using the Equation of Motion approach.
Meanwhile, 10 articles applied physical models. Physical models are real representations of systems that can
be tested and observed directly, either in the form of prototypes or physical simulations. These models allow
researchers to observe the behavior of systems under real conditions and test hypotheses derived from
mathematical models.

It should be noted that not all articles use only one type of model; some articles combine two to three
models simultaneously to obtain more comprehensive analysis results. Based on the data obtained, the
majority of studies primarily use mathematical models, particularly the Equation of Motion approach, as the
main method for analyzing system dynamics. One dominant example of application s in the gantry pendulum
crane with payload system, where the Equation of Motion is the primary approach in analyzing the dynamics
of that system.

The use of a combination of mathematical and physical models provides a more comprehensive
understanding of system behavior and enables the design of more effective solutions in practical
implementation.

From the physical system in Figure 2, 3 degrees of freedom obtained:

X = _llél + lzéz + g@z

b X, myl,
= - = - V- X
! g (my+my)g?™”
b, = — 22

g g

After obtaining 3 degrees of freedom, this system is solved using several approaches, namely
Lagrangian, Hamiltonian, and Equation of Motion. It was found that there were 10 that used the Equation of
Motion approach, namely Zhang et al. (2021), Chai et al. (2021), Jaafar et al. (2021), Orsini (2021), Qiang et al.
(2021), Wang et al. (2021), Wu et al. (2022), Shi et al. (2022), Fan et al. (2023), and Alhassan et al. (2023). There
are also those who use the Lagrangian approach, namely Zhang et al. (2020).

After being solved using a mathematical model, the system is then visualized using numerical
methods. Among those who use Matlab are Chai et al. (2021), Jaafar et al. (2021), Orsini (2021), Zhang et al.
(2021), Shi et al., (2022), Alhassan et al. (2023), and Fan et al. (2023). There are also those who use the Runge
Kutta method, namely Zhang et al. (2020) and Alhassan et al. (2023).

The research results show various variations and extensions of the double pendulum system that are
the focus of scientific study. One of the most prominent topics is the development of a “pendulum gantry
crane with load,” which reflects a keen interest in practical applications and load control technology. This
research not only focuses on mechanical aspects but also considers factors such as mass distribution, as seen
in the study of the “bridge pendulum crane with distributed mass.” This underscores the importance of a
deeper understanding of how mass distribution affects system dynamics, which is crucial in designing more
efficient and stable systems.

Additionally, the integration of drone technology with pendulum systems, as seen in the study
“quadrotor carrying a double pendulum,” opens new opportunities in the development of more complex
transportation and load control applications.

Further analysis shows that most research uses mathematical models, with the Equation of Motion
approach being the most widely applied method. This approach is widely used because it directly derives the
dynamic equations from the forces acting on the system and is easy to implement in numerical simulations
and control algorithms. The Equation of Motion is considered more effective, especially in the context of
crane and robotic systems, where analyzing external forces and load dynamics are critical aspects for
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maintaining system stability and performance.

Thus, the use of appropriate mathematical models is crucial for understanding the dynamic behavior
of double pendulum systems and designing effective solutions to various challenges in practical applications.
These findings contribute significantly to the further development of mathematical models and their
application in various disciplines, including robotics and control systems.

Conclusion

Based on the results of the research and analysis, it can be concluded that the soil pH in the agricultural
land of Gemuhblanten Village for maize plants is 7.75 which is included in the "slightly alkaline" criteria.
Meanwhile, in chili plants, soil pH of 7.08 was obtained, included in the "neutral" category. The pH value of
the soil in chili plants is still within the range of soil pH requirements for chili growth. Meanwhile, the soil pH
value for maize plants was quite high, exceeding the range of good soil pH for maize plants.

Soil quality is one of the important factors that must be considered in plant cultivation, especially if
the land is used for cultivating different plants. One way to know the quality of the soil is by measuring the
pH or acidity level of the soil. Each plant requires a different soil pH according to the criteria that have been
set in order to grow well. Through this research, recommendations or suggestions can be given, such as
measuring and adjusting soil pH so that the resulting agricultural products are of good quality.
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