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Abstract.

Purpose: This study evaluates the performance of distributed lag, autoencoder, and LSTM autoencoder methods in
detecting point anomalies in simulated data generated from Jakarta's Air Quality Index (AQI). The evaluation is
conducted across several simulation scenarios that represent factors that may influence anomaly detection performance.
Methods: Simulation scenarios were constructed by varying two anomaly characteristics: anomaly percentage (0.3%,
0.5%, and 1.0%) and anomaly depth (4.4c, 4.7, and 5.0c), yielding 90 datasets generated via repeated experiments.
Anomaly detection was performed using a forecasting-based approach with a 4o threshold on prediction errors. Model
performance was evaluated using mean absolute percentage error (MAPE) for forecasting accuracy and balanced
accuracy for anomaly detection.

Result: Increasing anomaly percentage significantly degrades both forecasting and anomaly detection performance
across all methods. In contrast, anomaly depth has no significant effect on forecasting accuracy but strongly influences
detection performance. Among the evaluated methods, the distributed lag model consistently shows the most robust
anomaly detection performance across scenarios, outperforming the autoencoder and LSTM autoencoder, particularly
at higher anomaly percentages and depths.

Novelty: This study introduces a more rigorous and structured evaluation framework for anomaly detection by
integrating three key contributions. First, it provides a unified comparison of distributed lag, autoencoder, and LSTM
autoencoder methods within a single experimental setting, a limitation in prior studies. Second, it employs a controlled
simulation design that systematically varies the anomaly percentage and depth while preserving key characteristics of
empirical AQI data, enabling a more objective assessment of model performance across diverse anomaly conditions.
Third, it uses ANOVA and interaction analysis to formally examine the effects of anomaly characteristics on both
forecasting and detection performance, moving beyond purely descriptive comparisons commonly used in previous
research.
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INTRODUCTION

An anomaly is an observation that deviates considerably from the dominant pattern of the data, suggesting
the presence of a different mechanism underlying its generation. In many studies, anomalies are often
treated as interference to be eliminated, but in specific contexts, they can be important information that
requires further detection and analysis. Anomaly detection can be performed using various approaches, one
of which is a statistical method-based approach to time series data. This approach has several advantages,
including a clear model foundation [1] and relatively low computational complexity [2]. However,
statistical methods generally have limitations in capturing nonlinear patterns [3], are less effective in
modelling data with high complexity [4], and tend to be limited to low-dimensional data [5]. One statistical
approach with potential applicability in forecasting-based anomaly detection is the distributed lag method.

Apart from statistical methods, deep learning-based methods have increasingly been utilized for anomaly
detection. These methods are known to possess strong capabilities for modeling nonlinear relationships in
high-dimensional data [6], do not require explicit parametric model specification [7], and are more
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adaptable to complex data dynamics [8]. However, deep learning methods generally require relatively
longer computation times [9]. Despite this limitation, several approaches, such as autoencoders and long
short-term memory (LSTM) autoencoders, are widely used for anomaly detection.

Anomaly detection is a crucial problem across many fields, including air quality monitoring. Air pollution
is a significant global problem, contributing to approximately 8.8 million deaths worldwide [10] and
triggering various respiratory diseases, such as acute respiratory infections (ARI). In Jakarta, the number
of ARI cases increased from 147,439 in 2022 to 638,291 in 2023 [11]. This surge in cases indicates an
unusual condition in air quality, making anomaly detection in the air quality index crucial as a basis for
policy formulation and an early warning system for potential future air pollution. Since air quality index
data are structured as a time series, they exhibit temporal dependence, with past values influencing current
observations. As a result, anomaly detection should be conducted using time-series-based approaches that
can capture this temporal relationship, such as statistical methods, distributed lag models, or deep learning
techniques, including autoencoders and LSTM autoencoders.

The distributed lag method has not been widely applied directly for identifying anomalies in temporal data.
However, this method exhibits quite good forecasting performance, so residual-based anomaly detection
remains relevant for the application. [12] demonstrated that the distributed lag method yielded good
forecasting accuracy for COVID-19 mortality data in 39 European countries, with most median absolute
percentage errors remaining below 20%. On the other hand, the autoencoder method has been successfully
employed by [13] to detect anomalies in laundry equipment power consumption data, demonstrating better
performance than isolation forests. Furthermore, LSTM autoencoders have proven effective for detecting
anomalies in software network data, achieving superior performance compared to one-class support vector
machines [14].

Although autoencoders and LSTM autoencoders have been widely reported to be effective for anomaly
detection, studies systematically comparing their performance with statistical approaches, such as the
distributed lag model, remain limited, particularly in examining the influence of anomaly characteristics.
Such a comparison is theoretically important because these methods are based on fundamentally different
modelling paradigms: distributed lag models explicitly capture linear temporal dependencies through lag
structures, whereas autoencoder-based methods learn nonlinear representations of data, and LSTM
autoencoders are designed to model sequential and long-term temporal dependencies. Therefore, evaluating
these approaches within a unified framework allows for a deeper understanding of how different
assumptions about temporal structure affect anomaly detection performance.

From a practical perspective, this comparison is highly relevant for air-quality time series, which typically
exhibit temporal dependence, seasonal patterns, and potential nonlinear behaviour. Therefore, the use of
simulated data is crucial for evaluating the performance of the three methods in a controlled manner,
particularly in examining the impact of variations in the percentage and depth of anomalies on detection
performance. By systematically varying these anomaly characteristics, this study investigates the sensitivity
and robustness of each method under different anomaly conditions, thereby providing more reliable
guidance for selecting appropriate models in real-world air quality monitoring applications.

METHODS

Data

The simulation data used in this study were constructed based on empirical air quality index data from
Jakarta, serving as the response variable, and calendar variation data as explanatory variables. The data are
recorded hourly and span the period from January 1, 2019, to February 29, 2024. The air quality index data
were obtained from AirNow (www.airnow.gov), while the calendar variation data consist of dummy
variables taking a value of 1 for specific events and 0 otherwise. The specific events represented by these
calendar variation variables are described in detail in Table 1.
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Table 1. Calendar variation data

Variable Events
X Weekdays
X, National holidays
X3 Collective leave
X, Seven days prior to and seven days following Eid Al-Fitr
X5 Five days prior to and five days following Eid Al-Fitr
Xe Three days prior to and three days following Eid Al-Fitr
X, Eid Al-Fitr
Xg Christmas day
X, New year day
Xi0 School holidays
X1 Large scale social restriction
X1, Transitional large scale social restriction
X3 Community activities restrictions enforcement

Given that the empirical air quality index data initially contained missing values, a data imputation step
was required to obtain a complete, analyzable time series. The imputed data were subsequently subjected
to a series of treatments to construct a simulation dataset with controlled anomaly scenarios. These stages
include initial anomaly labelling, anomaly cleaning, and synthetic anomaly injection. The initial anomaly
labelling aims to identify indications of abnormal observations in the empirical data, given that explicit
labels distinguishing anomalous and non-anomalous observations are not available. This information is
then used in the anomaly-cleaning stage to remove observations labelled as anomalies, yielding a baseline
dataset that represents normal conditions. These two steps ensure that the simulation data are controlled
from the outset, such that all anomalies present in the final dataset originate solely from predefined
scenarios. Subsequently, synthetic point anomalies are injected, which also serve as ground truth for
evaluating anomaly detection methods. The anomaly injection process considers various combinations of
anomaly percentage and anomaly depth. Overall, the sequence of steps, including imputation, initial
labelling, cleaning, and anomaly injection, is described in detail as follows.

1.  The data imputation process is carried out by considering the characteristics and lengths of missing
data segments in the time series. This consideration is important because different missing-data
patterns require distinct imputation approaches to preserve the data's temporal structure. The
imputation methods used for each type of missing data are as follows:

a.  For missing data with a length of one consecutive period, imputation is performed using linear
interpolation. This method estimates the missing value by connecting the nearest observed points
before and after the missing period with a straight line, ensuring that the imputed value reflects
temporal proximity. This approach is suitable for very short gaps, as it preserves local continuity
without introducing unnecessary patterns.

b.  Formissing data with a length of 2—4 consecutive periods, imputation is performed using seasonal
decomposition approaches, namely seadec and seasplit. The Seadec method decomposes the time
series into trend, seasonal, and residual components, imputes each component separately, and
then recombines them. Meanwhile, seasplit separates the data by seasonal patterns, allowing
imputation within subseries with similar seasonal characteristics. These approaches are more
suitable for medium-length missing segments, as they better preserve seasonal patterns that
simple interpolation cannot adequately capture.

c.  For missing data with a length of five or more consecutive periods, imputation is conducted using
daily air quality index data obtained from AQICN. Since the daily data also contain missing
values, they are first imputed using a Long Short-Term Memory (LSTM) method. The process
begins by building a model using historical data before the missing period. The trained model is
then used to predict the first missing value, and this predicted value is subsequently treated as
actual input to iteratively predict the following missing values until all gaps are filled. In its
implementation, the model architecture consists of two LSTM layers and one dense layer, each
with 50 neurons. The training parameters follow previous studies: 50 epochs, a learning rate of
0.01, a batch size of 72, no dropout, and the Adam optimiser. After imputing all missing values
in the daily data, the data are disaggregated back into hourly resolution. This disaggregation
process considers the characteristics of the day and the average hourly air quality patterns to
ensure that the reconstructed hourly distribution remains temporally realistic.
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3.

4.

It is important to note that the imputation procedure may affect both forecasting accuracy and anomaly
detection performance, as imputed values directly influence the underlying temporal structure of the
data. However, in the empirical dataset used in this study, the true values of the missing observations
are inherently unobservable, making it impossible to assess the accuracy of the imputation results
directly. Consequently, no definitive ground truth is available for evaluating whether the imputed
values precisely reflect the actual conditions. Nevertheless, the imputation procedure is applied
consistently across all datasets and simulation scenarios. This uniform application ensures that any
potential bias or uncertainty introduced by the imputation process is systematically shared across all
experimental settings. Therefore, the impact of imputation is expected to be comparable and
controlled, and thus does not compromise the validity of the comparative analysis conducted in this
study.

The anomaly labelling process defines anomalies in the air quality index as observations exhibiting
sudden increases or decreases. The identification of anomalous observations is based on Equation 1.

d=Yy— Y1 (D

Let d denote the hourly change in the air quality index, calculated as the difference between the values
at time t (y,) and the preceding hour t — 1 (¥;_;). The determination of anomaly threshold in this study
follows the widely used sigma rule [15],[16],[17]. In this study, an observation is identified as an
anomaly when the value of the difference falls outside the interval d + 40,, where d represents the
mean of the differences and o, denotes the standard deviation. Although the 3¢ rule is commonly
applied, the 4o rule is adopted to ensure that only truly extreme anomalies—those markedly different
from typical observations—are identified. This choice is considered appropriate for air quality index
data, which tend to exhibit high variability and short-term fluctuations due to environmental and
anthropogenic factors. Under such conditions, less stringent thresholds, such as the 3¢ rule or IQR,
may not adequately distinguish extreme deviations from normal variations. Therefore, the 40 rule
provides a more robust and defensible criterion for the initial labelling of anomalies, ensuring that the
constructed actual labels better represent genuinely extreme observations.

The anomaly cleaning process is performed using a winsorization approach, as follows.
a. Substitute the difference value (d) based on Equation 2.
(2)

o d + 404, jikad > 0
d — 40y, jikad <0

Here, d denotes the difference in the air quality index before replacement, while d' represents the
difference after the replacement process.
b. Substitute the air quality index value based on Equation 3.

yi=d +y._4 (3)

Where y; is the air quality index value after replacement and y,_; is the air quality index value
at hour (t — 1).
c. Repeat steps 3a and 3b until it is confirmed that there are no difference values that exceed the
specified limits.
Table 2. Combination of simulation data scenarios

Nu(r)r;ber Anomaly  Anomaly

scenarios percentage depth
1 0.3% 440
2 0.3% 4.70
3 0.3% 5.00
4 0.5% 440
5 0.5% 4.70
6 0.5% 5.00
7 1.0% 440
8 1.0% 470
9 1.0% 5.00

The anomaly injection process is performed randomly on the test dataset, as training methods such as
distributed lag, autoencoder, and LSTM autoencoder require anomaly-free training data [18]. The
percentage and depth of the anomalies influence the addition of point anomalies. The anomaly
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percentages are 0.3%, 0.5%, and 1%. Meanwhile, the depth of the anomalies consists of 4.4c, 4.7,
and 5o. The combination of the percentage and depth of the anomalies will produce nine scenarios as
listed in Table 2.

5.  Repeat steps 1 to 4 10 times to produce 90 simulation datasets.

Data Analysis Procedure

Data analysis was performed using R version 4.3.1 and Python version 3.11.11, following the steps outlined
below. In R, the analysis utilised the dLagM package for distributed lag modelling and ggplot2 for data
visualisation. In Python, the autoencoder and LSTM autoencoder models were implemented using several
libraries, including NumPy and Pandas for data manipulation, TensorFlow and Keras for deep learning
model development, and scikit-learn for preprocessing tasks such as data normalisation and evaluation.

Table 3. Training and testing split size for each fold in each scenario
Window shift scenario  Fold  Training data size  Testing data size  Unused data size

1 1 year 2 months 6 months 3 years 6 months

2 1 year 8 months 6 months 3 years

3 2 years 2 months 6 months 2 years 6 months
Semester 4 2 years 8 months 6 months 2 years

5 3 years 2 months 6 months 1 year 6 months

6 3 years 8 months 6 months 1 year

7 4 years 2 months 6 months 6 month

8 4 years 8 months 6 months -

1 1 year 2 months 4 months 3 years 8 months

2 1 year 6 months 4 months 3 years 4 months

3 1 year 10 months 4 months 3 years

4 2 years 2 months 4 months 2 years 8 months

5 2 years 6 months 4 months 2 years 4 months
Quarter 6 2 years 10 months 4 months 2 years

7 3 years 2 months 4 months 1 year 8 months

8 3 years 6 months 4 months 1 year 4 months

9 3 years 10 months 4 months 1 year

10 4 years 2 months 4 months 8 months

11 4 years 6 months 4 months 4 months

12 4 years 10 months 4 months -

1 1 year 2 months 3 months 3 years 9 months

2 1 year 5 months 3 months 3 years 6 months

3 1 year 8 months 3 months 3 years 3 months

4 1 year 11 months 3 months 3 years

5 2 years 2 months 3 months 2 years 9 months

6 2 years 5 months 3 months 2 years 6 months

7 2 years 8 months 3 months 2 years 3 months
Trimester 8 2 years 11 months 3 months 2 years

9 3 years 2 months 3 months 1 year 9 months

10 3 years 5 months 3 months 1 year 6 months

11 3 years 8 months 3 months 1 year 3 months

12 3 years 11 months 3 months 1 year

13 4 years 2 months 3 months 9 months

14 4 years 5 months 3 months 6 months

15 4 years 8§ months 3 months 3 months

16 4 years 11 months 3 months -

1. The dataset is split into several folds for cross-validation using the expanding-window method.
Expanding-window cross-validation is a technique for time series data in which the training set is
progressively enlarged, while the test set consists of subsequent, unseen observations [19]. This
approach preserves the temporal order of the data and prevents leakage from future observations. In
addition, it allows the model to utilise all available historical information, thereby improving model
stability [20] and enabling the evaluation of long-term temporal patterns [21]. In this study, the initial
training set in the first fold spans 1 year and 2 months. This length is selected to ensure that seasonal
patterns are adequately captured and that sufficient observations are available for reliable model
training and evaluation. The test set size and window shift interval are kept consistent across folds.
Furthermore, several scenarios are considered, namely semester, quarter, and trimester, to evaluate
model performance under different forecasting horizons and data accumulation schemes. This design
enables a more comprehensive assessment of model robustness and generalizability across varying
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temporal settings. An illustration of the expanding-window cross-validation under a semester-based
scenario, including the sizes and percentages of the training and test data, is shown in Figure 1. The
exact train—test split sizes for each fold, as well as the number of folds in each window-shift scenario,
are presented in detail in Table 3.

70% 1 year 2 month 6 month 30%

7% 1 year 8 month 6 month 23%

81% PACE Al 6 month 19%

84% 2 year 8 month 6 month 16%

86% 3 year 2 month 6 month 14%

12%

88% 3 year 8 month 6 month

1%

89% 4 year 2 month 6 month

90% 4 year 8 month 6 month 10%

Testing M Training M Unused

Figure 1. [llustration of semester’s window shift scenario

2. Anomaly identification is carried out using the distributed lag method. The distributed lag method
models the response variable not only on the current period's independent variables but also on those
from the previous period [22]. For each fold and each window-shift scenario, the distributed lag
method is applied to detect anomalies, as outlined below.

a.  Perform modelling on training data with a general model that follows Equation 4.

Ve =Ye1 + -+ anVen + P1Xye + o + PraXaze )

In this equation, J, represent the estimated air quality index at hour t, a,, denotes the coefficient
associated with the variable y;_, which represents the air quality index observed at hour (t — n).
In addition, f8; refers to the coefficient of the variable X;,, where X;; is the dummy variable X;
at hour t. The determination of the value of n in this study was carried out by considering the
partial autocorrelation function (PACF) plot.

b.  Perform forecasting on one period of test data.

c.  Combine the forecasting results from stage 2b with the training data from stage 2a to create a
new, comprehensive training dataset.

d. Repeat steps 2a to 2c¢ iteratively until all observations in the test set within a window obtain
predicted values based on the estimated model parameters.

e.  The error value is calculated using Equation 5.

e =y — ¥ 5)

Here e denotes the error value, while y; and J; represent the observed value and the predicted
value for the i-th period, respectively.

f.  The forecasting result are evaluated using the mean absolute percentage error (MAPE), as

presented in Equation 6.
1
MAPE = —Z
n i=1

Here n represents the total number of data periods.

g.  The determination of anomaly threshold in this study follows the 4o rule, when an observation is
classified as an anomaly if the difference value lies outside the interval d +46_pooled, with the
upper and lower threshold computed using Equation 7 and Equation 8. The 4c threshold is
consistently applied at both the labelling and detection stages to ensure alignment between the
anomaly definition, data generation, and the detection process. This approach also ensures a
reasonable balance between sensitivity to true anomalies and avoidance of false positives, given
the specific characteristics of the dataset.

Yi — ¥

x 100% (6)
Yi
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t,=e+ 4‘O—pooled (7)

tt=¢6e— 4‘O_pooled (8)

Here t,, and t; denote the upper and lower bound, respectively. The term € represents the mean
error, while 0,400 refers to the pooled standard deviation obtained from the sum of the sum
squared errors (SSE) divided by total degrees of freedom of error across each fold.
h.  Detecting anomalies based on the 4o rule. An observation is classified as an anomaly when the
error value exceeds the upper limit defined in Equation 7 or falls below the lower limit specified
in Equation 8.

I
I I
I I
I I
I I
I I
|
: @ QX v v/ X S
g SO e Y Y X £ !
s OO A R 5 !
3 A ;“:1 % N 7 Q.
g8 ?}n;i;g”/ X el e A S
) = [N 0 o)
: VN [Bottleneck \ I
| 2/ | A\ 1
: y, I layer |
I : ! I
| | H‘dden Iaye,'s | :
! 1
(Encoder _ ______ TN Decoder |

Figure 2. Architecture of autoencoder

Detect anomalies using autoencoder and LSTM autoencoder approaches. The autoencoder method is
a technique that learns important information from data, allowing it to be used for analysing similar
data. This method reduces the input to a simpler dimension (latent space) and reconstructs it back into
an output with the original dimension (Figure 2). According to [23], this method is divided into two
parts: the encoder part, which is responsible for reducing the input to a latent space based on Equation
9, and the decoder part, which is responsible for reconstructing the latent space back into an output
with the original dimension based on Equation 10.

h = f.(Wex +b,) C)]
X = fa(Wgh + by) (10)
Where:

h Latent space

fe Encoder section activation function

w, Encoder section weighting matrix

X Input

b, : Encoder section bias vector

x Output

fa . Decoder section activation function

W, : Decoder section weighting matrix

b, : Decoder section bias vector

Meanwhile, the LSTM autoencoder method compresses the input data into a latent representation using
an LSTM encoder. Then it reconstructs it to its original dimensionality using an LSTM decoder, as
shown in Figure 1. The LSTM units used in both components adopt the conventional LSTM structure,
consisting of a forget gate, an input gate, and an output gate, as illustrated in Figure 2. The forget gate
determines the extent to which historical information from the previous cell state is retained or
discarded based on its relevance [24]. In contrast, the input gate regulates the entry of new information
by selecting memory update candidates, ensuring that only important information is stored [25].
Meanwhile, the output gate functions to control the part of the cell state used to form the hidden state
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and produce output at time t [26]. Through this mechanism, cell state and hidden state updates are
carried out sequentially based on Equation 11-16.

fe=F(Ws-[he_y, %] + by)
ir = f(W;+[he—q, %]+ b))
¢ = f(We - [he—1, ] + b.)
C,=f XCprqg + U XC
0. = f(W, - [he_1, %] + b,)
h, =0, x f(c;)

Forget gate using a sigmoid activation function

Input gate employing a sigmoid activation function
Previous cell state activated by tanh activation function
Updateded cell state value

Output gate utilizing a tanh activation function

New hidden state generated using the tanh activation function

Input feature vector

Bias term vector

Matrix of weights

Hidden state from the previous time step

L= Encoder

LSTM Cal L
[
=)

[ 1
|
.0 Fa

LSTM Cel

LSTM Cell

STM Cell

LSTM Cel

)
LSTM Cel

—
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LSTM Cell

_'I

Input sequence Encoded latent
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Figure 1. LSTM Autoencoder Architecture
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The following step describes the procedure for identifying anomalies using the autoencoder and LSTM
autoencoder.

a.
b.

S o

Perform data normalisation using the min-max scaler method..

Establishing the architecture and determining the hyperparameters. The hyperparameters in this
study were determined based on cross-validation results using an expanding-window, shifting-
window approach across semesters, quarters, and trimesters. The hyperparameters used in this
study included batch size, learning rate, and optimizer settings, as listed in Table 4. These
parameters are selected for tuning because they directly influence training dynamics, convergence
behaviour, and overall model performance. In contrast, architectural parameters such as latent
dimension, number of layers, sequence length, and dropout are fixed to maintain consistency and
comparability across all experimental scenarios. The number of training epochs in this study is set
to 50 based on preliminary experiments evaluating the models' convergence behaviour. The
training and validation losses stabilized before 50 epochs, indicating that additional training would
yield only marginal performance improvements. This fixed-epoch setting is also applied
consistently across all experimental scenarios to ensure a fair comparison between methods. In
addition, the selection considers computational efficiency, particularly given the multiple scenarios
evaluated, so that the overall analysis remains tractable without compromising model performance.

Table 4. Tried hyperparameter combinations
Number of
hyperparameter
combinations

1 32 0.001 Adam
32 0.001 Rmsprop
32 0.01 Adam
32 0.01 RMSProp
64 0.001 Adam
64 0.001 RMSProp
64 0.01 Adam
64 0.01 RMSProp

Batch Learning

. Optimizer
size rate

[oL-EN e NV, I YOS I NS ]

Defining the input—output structure, reconstruction/prediction mechanism, and forecasting
strategy for each model. For the LSTM autoencoder, the input is constructed using a sliding
window of 10 consecutive observations, while the prediction target is the subsequent observation
(one-step-ahead). The encoder captures temporal dependencies within the sequence. It maps them
into a latent representation, which is then processed by the decoder and a final dense layer to
produce a single predicted value for the next time step. In contrast, the autoencoder uses a single
observation as both input and target, where the encoder—decoder structure learns to reconstruct the
input by minimising reconstruction error. Consequently, the autoencoder operates as a pointwise
reconstruction model rather than a sequence-based predictor. One-step-ahead forecasts are
generated differently across models. In the LSTM autoencoder, predictions are obtained using a
rolling-window approach, where the input window is iteratively updated to incorporate the most
recent observations. For the autoencoder, predictions are generated independently for each time
step based on the reconstructed output.

Perform model training on training data.

Perform one-step-ahead forecasting on the test data based on the trained models.

Calculate the error value based on Equation 5.

Evaluate forecasting results based on MAPE values.

Calculate the anomaly threshold based on the 4o rule as stated in Equations 7 and 8.

Anomalies are identified using the predetermined thresholds, where an observation is classified as
anomalous if its error value exceeds the upper bound defined in Equation 7 or falls below the lower
bound defined in Equation 8.

Anomaly detection performance is evaluated using the balanced accuracy metric, which reflects the
average classification accuracy across both the majority and minority classes. Balanced accuracy is
calculated using the values obtained from the confusion matrix, including true positives (anomalies
correctly identified as anomalies), true negatives (non-anomalous observations correctly identified as
non-anomalous), false positives (non-anomalous observations incorrectly classified as anomalies), and
false negatives (anomalies incorrectly classified as non-anomalous). The calculation of the balance
accuracy value is stated in Equation 17.
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(9}

Bal _1< TR T )
atance accuracy = -\to T EN T TN + FP

Here, TP refers to true positives, TN indicates true negatives, FP represents false positives, and FN
denotes false negatives.
Repeat steps 1 to 4 for each simulation dataset.

(17)

6. Conduct an align rank transform analysis of variance (ART ANOVA) to evaluate whether the given

scenario affects forecasting performance (as measured by MAPE) and anomaly detection performance
(as measured by balanced accuracy). ART ANOVA is employed because it does not require strict
assumptions such as normality and homoscedasticity, making it more flexible and suitable for the data
characteristics in this study, while still allowing for the assessment of interaction effects. In addition,
interaction plots complement the statistical analysis by providing a clear visual representation of how
factors jointly influence the response variables. Compared to post-hoc tests, interaction plots offer a
more intuitive understanding of interaction patterns across factor levels, particularly in complex
experimental designs. Post-hoc comparisons, multiple-comparison adjustments, and effect size
measures were not conducted, as the primary objective of the analysis is to identify and interpret main
and interaction effects rather than to perform detailed pairwise comparisons. In this context, the
interaction plots are sufficient to support the interpretation by clearly illustrating the direction and
magnitude of the effects across factor levels.

RESULTS AND DISCUSSIONS

Forecasting Performance of Distributed Lag, Autoencoder, and LSTM Autoencoder Methods

The modelling process plays a crucial role in determining the forecasting performance of the distributed
lag, autoencoder, and LSTM autoencoder methods. The modelling process in the distributed lag method is
carried out on the training data, beginning with the determination of the number of response-variable lags
based on the PACF plot shown in Figure 5. The PACF is used because it captures the direct relationship
between the response variable and its lagged values after accounting for intermediate lags, making it
appropriate for identifying the relevant lag structure. The significance bounds in Figure 5 are barely visible
because they are very close to zero. These bounds are computed as +1.96/vV45264, which equals
approximately £0.0094 given the large sample size. The lag order is then determined based on the cut-off
point in the PACF, namely the last lag that remains statistically significant before the partial autocorrelation
diminishes toward zero. Based on this criterion, a lag of three is selected for the model.

1.0

0.5

Partial ACF

-0.5

5 10 15 20
Lag

Figure 5. PACF plot of response variable

Subsequently, the model fitted on the training dataset is used to generate forecasts for the test dataset for
one period ahead. The predicted values obtained for this period are then incorporated into the training
dataset and utilised again in the modelling stage to forecast the test data for the subsequent period. This
iterative procedure continues until forecasts are produced for all test periods within the window based on
the predetermined model. During the modelling stage, potential multicollinearity among calendar dummy
variables is not explicitly restricted. This is because the primary impact of multicollinearity lies in statistical
inference, particularly in inflating standard errors and complicating parameter interpretation. In contrast,
this study focuses on forecasting and anomaly detection, prioritising predictive accuracy. In this context,
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including multiple variables that capture similar calendar effects can be beneficial in representing
underlying patterns in the data. Thus, multicollinearity is not treated as a critical issue.

Model diagnostics are still performed; however, they are evaluated selectively with emphasis on aspects
that influence forecasting reliability and anomaly detection. In particular, attention is given to residual
patterns that may indicate systematic errors or remaining autocorrelation. Assumptions relevant primarily
to inference, such as strict normality and homoscedasticity, are not explicitly enforced. Although violations
of these assumptions may affect residual-based thresholding and, consequently, anomaly detection
performance, their impact is mitigated by using multiple anomaly scenarios with varying percentages and
depths, thereby allowing the evaluation to reflect model performance under diverse, potentially non-ideal
conditions.

As with the distributed lag approach, the autoencoder-based forecasting procedure starts by fitting the
model to the training data. The model architecture consists of two dense layers in the encoder and decoder,
with 128 and 64 neurons, respectively, each employing the tanh activation function. The hyperparameters
used during training are selected based on the optimal results obtained from cross-validation, as summarised
in Table 5. These hyperparameters align with the research by [27], who utilised the Adam optimiser with a
batch size of 32 and a learning rate of 0.001.

In the LSTM autoencoder approach, forecasting is carried out using a model architecture composed of two
LSTM layers in the encoder and two LSTM layers in the decoder, with each layer containing 100 neurons.
The hyperparameter settings adopted in this method are the same as those used for the autoencoder model.
A comparison of forecasting accuracy for the distributed lag, autoencoder, and LSTM autoencoder methods
is illustrated in Figure 6.

Table 5. Model validation results for each hyperparameter combination

Window  Batch Learning Optimizer Average
shift size rate MAPE
32 0.001 Adam 11.073
32 0.001 RMSProp 12.459
32 0.01 Adam 11.395
Semester 32 0.01 RMSProp 13.298
64 0.001 Adam 12.117
64 0.001 RMSProp 13.100
64 0.01 Adam 13.000
64 0.01 RMSProp 13.008
32 0.001 Adam 11.308
32 0.001 RMSProp 12.296
32 0.01 Adam 11.322
32 0.01 RMSProp 12.123
Quarter ¢y 0.001  Adam 12.117
64 0.001 RMSProp 12.383
64 0.01 Adam 11.919
64 0.01 RMSProp 11.911
32 0.001 Adam 11.304
32 0.001 RMSProp 12.047
32 0.01 Adam 12.408
Trimester 32 0.01 RMSProp 12.110
64 0.001 Adam 12.357
64 0.001 RMSProp 12.993
64 0.01 Adam 11.656
64 0.01 RMSProp 12.443
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Figure 6. Forecasting performance in each anomaly percentage and depth
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The forecasting results in Figure 6 show that, in general, the distributed lag, autoencoder, and LSTM
autoencoder methods exhibit good forecasting performance across all anomaly percentages and depths, as
indicated by MAPE values below 20%. This interpretation follows commonly adopted guidelines in the
forecasting literature, where MAPE values below 20% are generally considered to indicate good or
acceptable forecast accuracy (e.g., [28]; [29]; [30]). It is also supported by the characteristics of the air
quality index data used in this study. The observed values are relatively moderate, so smaller actual values
can lead to larger percentage errors and inflate MAPE. In addition, the hourly data resolution introduces
high variability. The study period (2019-2024) captures both seasonal patterns and atypical conditions,
such as the COVID-19 period, which may influence air quality dynamics. Furthermore, the presence of
extreme observations may also contribute to higher MAPE values. However, the forecasting performance
of the distributed lag, autoencoder, and LSTM autoencoder methods is significantly influenced by the
percentage of anomalies in the dataset. This is evidenced by the ART ANOVA results, which show that the
interaction between anomaly percentage and the anomaly detection method is statistically significant at the
5% level (Table 6).

Table 6. ART ANOVA test of the effect of percentage, depth, and anomaly detection method on
forecasting performance

Source of variation Degrees of Freedom  F Value  P-value Conclusion
Percentage 2 1499.89 0.000 Significant
Depth 2 755.55 0.000 Significant
Method 2 2140.28 0.000 Significant
Percentage*Depth 4 73.42 0.000 Significant
Percentage*Method 4 16.18 0.000 Significant
Depth*Method 4 2.36 0.052  Not significant
Percentage*Depth*Method 8 0.23 0.984  Not significant

The interaction plot between the percentage and the anomaly detection method in Figure 7 further shows
that the MAPE increases as the anomaly percentage increases. In contrast to the anomaly percentage, the
anomaly depth does not significantly affect the forecasting performance of the distributed lag, autoencoder,
and LSTM autoencoder methods. This is evident from the p-value of the interaction between the anomaly
depth factor and the anomaly detection method in the ART ANOVA test, which exceeds the 5%
significance level.
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Figure 7. Interaction plot between percentage and anomaly detection method

Anomaly Detection Performance of Distributed Lag, Autoencoder, and LSTM Autoencoder Methods
The distributed lag, autoencoder, and LSTM autoencoder methods are employed to detect anomalies based
on the 4o rule. Under this criterion, an observation is identified as an anomaly when the corresponding
forecast error lies outside the predetermined limits. Therefore, the forecasting performance of these models
plays an important role in determining their anomaly detection capability. The detection performance of
each method at different anomaly percentages is illustrated in Figure 8.
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Figure 8. Anomaly detection performance at each anomaly percentage and depth.

Although the forecasting performance of the distributed lag, autoencoder, and LSTM autoencoder methods
generally yields good results at various anomaly percentages and depths, the anomaly detection results in
Figure 8 demonstrate optimal performance only under specific conditions. This result is consistent with the
p-value of the ART ANOVA test for the interaction between percentage, depth, and anomaly detection
methods, which is less than the 5% significance level (Table 7). The results suggest that variations in
anomaly percentage and anomaly depth play an important role in determining the anomaly detection
performance of the distributed lag, autoencoder, and LSTM autoencoder approaches. This observation is
reinforced by the interaction plot in Figure 9, which shows the relationships among anomaly percentage,
anomaly depth, and the detection methods.
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Table 7. ART ANOVA test of the effect of percentage, depth, and anomaly detection method on anomaly
detection performance

Source of variation Degrees of Freedom  F Value  P-value  Conclusion
Percentage 2 682.70 0.000  Significant
Depth 2 358.39 0.000  Significant
Method 2 1101.05 0.000  Significant
Percentage*Depth 4 45.81 0.000  Significant
Percentage*Method 4 234.24 0.000  Significant
Depth*Method 4 91.90 0.000  Significant
Percentage*Depth*Method 8 29.19 0.000  Significant
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Figure 9. Interaction plot between anomaly percentage, anomaly depth, and anomaly detection method

The Effect of Anomaly Percentage and Depth on the Forecasting Performance of Distributed Lag,
Autoencoder, and LSTM Autoencoder Methods

The forecasting performance of the distributed lag, autoencoder, and LSTM autoencoder methods is
significantly influenced by the percentage of anomalies, with a higher MAPE value. These results align
with research by [31]. This is possible because the more anomalies in the data, the more deviant the forecast
results become, leading to greater forecasting errors.

Comparing the forecasting performance across each anomaly percentage for each anomaly detection
method, the distributed lag method performed best. This method exhibited the most gradual increase in
MAPE value with each increase in the percentage of anomalies, indicating its robustness. Although the
distributed lag method is a conventional statistical method, its superiority stems from its use of a one-step-
ahead forecasting procedure. These results align with research by [32], which demonstrated that one-step-
ahead forecasting procedures in statistical methods, such as SARIMA, performed better than multistep
forecasting procedures in deep learning methods, including recurrent neural networks (RNNs) and LSTMs.

Conversely, the autoencoder method performed the worst at each anomaly percentage. This is due to the
fundamental characteristic of the autoencoder method, which focuses solely on reconstructing inputs into
similar outputs without considering long-term dependencies in the data [33]. However, this method showed
a gentler increase in MAPE than the LSTM autoencoder method.

Among the methods evaluated, the LSTM autoencoder exhibited the largest increase in MAPE as the
anomaly percentage increased, indicating that it is the least robust with respect to variations in anomaly
percentage. Nevertheless, its forecasting performance remained superior to that of the standard
autoencoder. This advantage stems from the LSTM autoencoder's ability to model long-term dependencies
in the data [34]. However, this capability did not enable it to consistently outperform the distributed lag
method, as the latter achieved better forecasting performance across the three anomaly percentage
scenarios.
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In contrast to the anomaly percentage, anomaly depth does not significantly affect the forecasting
performance of the distributed lag, autoencoder, and LSTM autoencoder methods. This is because, in the
distributed lag method, extreme values enter linearly through the lag structure, and their influence is
dampened by coefficients estimated based on the majority of regular observations. As a result, increasing
the anomaly depth does not substantially change the temporal relationship. Meanwhile, in the autoencoder
and LSTM autoencoder methods, the temporal representation learning process focuses on identifying
dominant data patterns, making the model more responsive to anomaly occurrence than to their severity.
Consequently, anomaly depth has only a local impact and is insufficient to significantly influence the
underlying temporal structure of the forecasting process.

Effect of Anomaly Percentage and Depth on the Anomaly Detection Performance of Distributed Lag,
Autoencoder, and LSTM Autoencoder Methods

The anomaly detection performance of the distributed lag, autoencoder, and LSTM autoencoder methods
is significantly influenced by the percentage of anomalies present in the dataset. The higher the anomaly
percentage, the lower the balance accuracy. This is because the higher the anomaly percentage, the more
difficult it is to classify anomalous and non-anomalous observations, resulting in more misclassifications.
Conversely, the lower the anomaly depth, the lower the balance accuracy. This is because the lower the
anomaly depth, the smaller the difference between anomalous and non-anomalous observations.
Consequently, classifying anomalous and non-anomalous observations becomes more challenging, leading
to a higher number of misclassifications.

A comparison of anomaly detection performance across the three methods for different anomaly
percentages and depths shows that the distributed lag approach achieves the best overall performance. This
method demonstrates strong robustness across all anomaly percentages when the anomaly depths are 4.7c
and 5c. However, when the anomaly depth is reduced to 4.4c, its robustness is only maintained at an
anomaly percentage of 0.5%. When the anomaly percentage increases to 1.0%, the performance of the
distributed lag method declines considerably, as reflected by a notable reduction in balanced accuracy.

In contrast to the distributed lag method, which demonstrates relatively stable performance, the anomaly
detection capability of the autoencoder and LSTM autoencoder methods is more sensitive to variations in
anomaly percentage and anomaly depth. Overall, the autoencoder approach shows the weakest anomaly
detection performance among the evaluated methods. Nevertheless, compared with the LSTM autoencoder,
the autoencoder model exhibits greater robustness when the anomaly percentage increases. At the highest
anomaly percentage (1%), the detection performance of both methods becomes relatively similar. Even
when the anomaly depth reaches 5o, the autoencoder still performs better than the LSTM autoencoder.
Despite this advantage, the performance of the autoencoder method is strongly influenced by anomaly
depth. A decrease in anomaly depth leads to a more pronounced reduction in balanced accuracy. However,
this substantial decline is mainly observed at an anomaly percentage of 0.5%. When the anomaly percentage
increases to 1%, the reduction in balanced accuracy is less extreme compared to that observed at lower
anomaly depths..

CONCLUSION

The anomaly detection performance of the distributed lag, autoencoder, and LSTM autoencoder methods
is inseparable from the influence of anomaly characteristics in the data, such as the percentage and depth
of anomalies. An increase in the percentage of anomalies will decrease the method's performance, while an
increase in the depth of anomalies will improve the method's performance. Based on the evaluation results
of the three methods on the combination of percentage and depth of anomalies, the distributed lag method
shows the highest level of robustness compared to the other two methods. This method maintains anomaly
detection performance at every percentage of anomalies for anomaly depths of 4.7 and 5o, and remains
robust up to an anomaly percentage of 0.5% at a depth of 4.4c. In contrast, the performance of the
autoencoder and LSTM autoencoder methods tends to decrease as the percentage of anomalies increases
and the depth of anomalies decreases.

Despite these findings, this study has several limitations, particularly the use of simulated anomalies that
may not fully reflect real-world anomaly patterns. The analysis also relies on a selected thresholding rule,
which may not generalise well or remain optimal when applied to datasets beyond the air quality index used
in this study. In addition, the hyperparameter search for deep learning models remains limited, potentially
limiting the performance of autoencoder-based approaches. Accordingly, future research should explore
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more adaptive, data-driven thresholding strategies and conduct a more comprehensive investigation of
hyperparameter configurations to enhance model performance. Moreover, this study does not fully examine
other factors that may influence anomaly detection performance. Future work may consider additional
characteristics of time series data, such as seasonal patterns, which can affect model sensitivity and
robustness [35]. Furthermore, hybrid approaches that combine statistical and deep learning methods, such
as the LSTM—-ARIMA model [36], present a promising avenue for improving both the accuracy and
robustness of anomaly detection in time series data.
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