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INTRODUCTION

In non-relativistic quantum mechanics, all important information about the physical properties
of a system can be extracted from the wave function. It is very important to understand about the wave
function of each electron in the system which can provide many important information about the
system. This wave function is the solution of the Schrodinger equation and has a relation to the
eigenenergy of the system. The analytical solutions of the Schrodinger equation for several different
potentials have been obtained and widely used in advanced fields of molecular, atomic, nuclear, and
sub-nuclear physics. Up to now, many methods and approaches have been employed to solve the
Schrodinger equation analytically.

One of these methods is the Nikiforov-Uvarov (NU) method (Nikiforov & Uvarov, 1988). This
method has been successful to accomplish different second-order differential equations in non-
relativistic quantum mechanics (Ikot & Akpan, 2012; Pahlavani & Alavi, 2012; Bayrak & Aciksoz,
2015; Okon et al., 2017). This method has recently been used to find reliable Schrodinger equation
solutions for many well-known potentials in the non-relativistic mechanics of quantum, such as
harmonic oscillator (Antia et al., 2018), Kratzer (Edet et al., 2019), Hulthen (Agboola, 2011), Hulthen-
Manning-Morse (Meyur & Debnath, 2009), and pseudoharmonic (Sever et al., 2007). In this study,
we have utilized the NU method to extract the single-electron wave function. It is intended that the
result of this study can enrich the alternative way to solve the Schrodinger equation in explaining the
single-electron wave function as lectured in quantum mechanics textbooks.

The main purposes of this study are to solve the Schrodinger equation analytically by using the
NU method and to obtain the wave function and the energy eigenvalue for a single electron. This
paper is organized as follows. In Section 2, it is explained the Schrodinger equation for a single
electron. Then, the NU method is briefly explained in Section 3. The analytical solutions as the
obtained results of this study are displayed in Section 4. Finally, the summary of this study is
represented in Section 5.

THE SCHRODINGER EQUATION FOR A SINGLE ELECTRON

As a fundamental parameter to study the atomic structure and to build the wave function of the
atom, the single-electron wave function is derived from the Schrodinger equation. One can write the
Schrodinger equation for a central potential as

2

n
- Z_ll VZ ll"np,l,m (r, 9, ¢) + V(r)l’pnp,l,m (r: 6, ¢) = ELI"np,l,m (I‘, e' ¢) (l)
where h is the reduced Planck constant, p is the reduced mass of the nucleus, E is the energy
eigenvalue, and LI’np,l,m(l‘, 0, ) is the wave function in spherical coordinate. In atomic unit, the
Coulomb potential V(r) of a single electron is approached as

Ze?  h2(+ 1)

V) =—— 2

2ur?
where Z is the atomic number, e is the charge of the electron, r is the distance between the electron
and the nucleus, and | is the momentum angular quantum number. By introducing the total wave
function, Wn,1m(r, 8, @) = R(r)O(0) (), which is normalized by [¥*Wd?r = 1, and in spherical

coordinate, one can write Eq. (1) as
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where R(r) is the radial function, ©(0) is the polar function, and ®(¢) is the azimuthal function. By
using the separation variable, it can be obtained three equations as follows

d?R(r) 2 dR(r) Ze? h2(1+1) 3
dr? r dr h2 T 2ur? R() =0 “
d?0(8) cos0dB(0) a1 2 8(8) = 0 s
d62 ' sin® de +{(+)_ Ze} ©®) = ®)
21 m? 6
" 2u [r_z sin? 0 6(])2 *(®) — h2 12 sin? 6 *@) =0 ©

where m is the magnetic quantum number respectively (Eisberg, 1974; Griffith, 1995; Zettili, 2009).
To solve these three equation, it is presented an alternative procedure by using the NU method.

THE NIKIFOROV-UVAROV (NU) METHOD

The NU method is constructed to accomplish the hypergeometric type second-order differential
equations through the special orthogonal functions. This method can be performed to solve the
following second-order differential equations with a suitable coordinate transformation where

d?Pn(s) | () dlIJn(S) 3(s)

ds? o(s) ds 02( ) bn(s) =0 ™

where o(s) and &(s) are the mostly second-order polynomials. The parameter ¥(s) is a first-order
polynomial. Separating the variables and applying the following assumption, one can formulate the
function y,(s) as

Un(s) = dn(s) ynls) ¥
where the function ¢(s) can be determined by using

do(s) 1 m(s)
ds ¢(s) o(s)

)

The function y,(s) in Eq. (8) is the hypergeometric form function in which the Rodrigues
relation provides polynomial solutions as

By
) = 20 () (10)

where B, is a normalization constant. The function p(s) can be analyzed by using
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dp(s) 1 1(s) — o'(s)

— = 11
ds p(s) o(s) (an
Next, the expressions of
-1
M= -nr(s) - ) (12)
and
A=k+1(s) (13)

are equalized to yield the energy eigenvalue. The superscript ' and " are the first and the second
derivatives of the functions respectively. The parameter t(s) can be gained by using

(s) =1+ 2mn(s) (14)

The mt(s) parameter is yielded by solving the resulting quadratic equation as follows

n(s) = 0,(5)2_ O \/{G’(S); ﬁs)} — 5(s) + ko(s) (15)

The determination of k is the crucial point in the calculation to solve Eq. (15). The k value can
be determined by setting the discriminant of the square root to zero (Nikiforov & Uvarov, 1988).

ANALYTICAL SOLUTIONS
The Solution to Radial Equation

In this section, the NU method was employed to achieve the solution to radial equation. To
solve Eq. (4) one should consider the centrifugal approximation, i.e.

d?R(r) EdR(r) 1 @r2+2u2e2
dr? r dr r2 | h2 h2

r—1(1+ 1)} R(r) =0 (16)

By using the transformation, Eq. (16) becomes

d?yi(s) N 2dy(s) N [-A%s? + Bs — C]

ds? s ds s2 b(s) =0 an
where
2uE 2uZe?
—A? = 70 B=—0m— C=10+1) 18)

By comparing Eq. (7) and Eq. (17), one can determine the following
%(s) =2, o(s) =s, (s) = —A?s2+Bs—C (19)

Substituting these expressions in Eq. (19) into Eq. (15), one has
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V4A2s2 + (4k — 4B)s + 1 + 4C

N| =
N~

n(s) =—=-+

The constant parameter k can be determined by applying the zero discriminant for the root-
part, i.e.

k=B X+ Av1+4C

Thus, there are four possible solutions for Eq. (20), i.e.

11
—§i§{2A5+\/1+4C} fork = B+ AvV1 + 4C
mi(s) =
1.1
—EiE{ZAs—\/1+4C} fork = B — AV1 + 4C

Since Eq. (14) should have a negative derivative physically (for the bound-state case), the valid
solution is

mi(s) = —%—%{ZAS -1+ 4c}

for k = B — AV1 + 4C and it yields

(s) =1++V1+4C - 2As

Then, by using Eq. (12) and (13), it can be defined that

2nA=B—-Av1+4C—-A

forn = 1,2,3, .... Then, assisted by Eq. (18), Eq. (25) can produce the energy eigenvalue as

1 7%
Enp=—5uc nf)

where n, = n + 1 + lis well-known as the principal quantum number. It should be noted that n is the
non-physics integer number. Next, to obtain the wave function, 1(s) from Eq. (23) and o(s) from Eq.
(19) were substituted into Eq. (9). By solving the first-order differential equation, one can obtain

d(s) =s'e™*
For the weight function p(s), it can be determined by using

p(s) = g2l+1 g—24s

Substituting Eq. (28) into the Rodrigues relation in Eq. (10), one has

n

l 2As .—(21+1) d_{sn+21+1

o) = eI S s )

Therefore, based on Eq. (8), the wave function can be formulated as

(20)

@1)

22)

(23)

(24)

25)

(26)

@7)

(28)

29)
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1 dn
— 1,—sA As .. —(21 1 _2A
Yy (s) = Nn,l{s e—s }{aez sg—(2 +1)@{Sn+2 +1 g=2 s}}
Therefore, by using Eq. (18), np =n+1+1 and r™* = Z(nxzjao)_l (Gasiorowicz, 2000) the

combined wave function can be formulated as

Zr 27r n 27Zr
an,l(r) = Nn,] {sle_ (n+l+1)a0} {% e@+1+Dag p—(211+1) % {rn+21+1 e (n+l+1)a0}}

where a is the Bohr radius and N,, ) is the normalization constant. Because n is not a physical property,
it should be taken good care to obtain the radial wave function. It is needed the relation between the
radial wave function R(r) and the function yi(r). The equalization between those function can be
formulated as

Ryp1 () = Wni (1) = Y —1-11(r)

The Solution to Angular Equation
To obtain the solutions to the angular equation, it is commenced by using Eq. (5). To meet the

requirement of Eq. (7), by using the transformation variable, the form of Eq. (5) is transformed to be

d?y(s) 2s  dy(s) {0+ 1A —s?)—m?}
dsz (1-s2) ds + (1 —s2)2

Y(s) =0

By comparing Eq. (7) and Eq. (33), one can determine the following
%(s) = —2s, o(s) =1—52, &(s) =10+ 1)(1 —s?) — m?

Substituting these expressions in Eq. (34) into Eq. (15), one has

n(s) = +/[10+ 1) —Kk]s2 + k+ m2 —1(1 + 1)
Following the similar procedures in the radial equation, one can obtain
k=-m?+1(01+1)
m(s) = —ms
(s) = -2(1 + m)s
A=—-m?+I101+1)—m
Ay =2n+2mn+n(n—1)

n=1]l—-m

o) = (1—s1)7

(30)

(31

(32)

(33)

(34)

35)

(36)
(37
(38)
(39
(40)
(41)

(42)
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p(s) = (1 —sH)™

I-m
(1 _ S2)—m d - {(1 _ SZ)]}

llJl,m(S) = Nl,m [(1 - 52)%] [ ds!-m

1
(1—m)!

where N, ,, is the normalization constant.
The Solution to Azimuthal Equation

To solve Eq. (6), the boundary condition is set to fulfill

P ($) = Py (¢ + 2m)

Therefore, the azimuthal equation has a solution as follows

B () = %exp(ﬂm@

where i is the imaginary number.

Based on these analytical results above, the wave function can be obtained for each quantum
number of a single electron. By using Eq. (31) and Eq. (32), it is obtained the radial wave function as
shown in Table 1. The angular and the azimuth terms can be obtained by using Eq. (44) and Eq. (46),
as presented in Table 2. These obtained results are similar to the wave functions presented in quantum
physics textbooks. It shows that the wave function and the energy eigenvalue of a single electron can
be derived by using the NU method. This NU method provides an alternative way to solve the non-
relativistic Schrodinger equation analytically where this equation has second-order derivative. This
method can be used not only for the Schrodinger equation, but also for every equation that has second-
order derivative.

Table 1. The radial wave function of a single electron.

n, n 1 PYn,i(r) Rnp1 (1)
5

1 0 0 Woo(r) Rio =2 <a£0)2 exp [_Z_Z

7 \3 Zr Zr
2 1 0 W) Ryo=2 (E) (1 - 2_510) €xXp [_2_30

1/ 7Z 3 7r 7r
2 1 1 Woa(®) Raa =ﬁ<z_ao) (i) P [_z_a0

7 \5 2Zr 272%r?
3 2 0 Yy R30 =2<3_ao) (1 3a, 2730) p[ 330]
N Ir  Z°r?

3 1 1 Py, (r) Rgy = T\/_(ga() <ao 630) p[ 3a0]

(43)

(44)

(45)

(46)
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Table 2. The angular and the azimuth wave function for a single electron.

1 m ®l,m(e) ()
0 0 1 1
V2 V2T
1 0 3 L
—Zcose Nz
1 1 3 L cxp(+id)
2 —exp(+
> sin 6 Nz p

CONCLUSION

In this theoretical study, the Schrodinger equation has been solved analytically by using the NU
method. The expressions of the wave function and the energy eigenvalue of a single electron have
been also derived. The obtained expressions are in good agreement with the results lectured in the
quantum physics textbooks. These results have proven that the NU method can provide an alternative
way to solve the Schrodinger equation applied at the atomic level. This study can be extended to solve
a system with many electrons with special treatment.
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Appendix 1
Radial part
Ro0(r) = Wa_g-1,0(r) = Yy,o(r)
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_ZIr Zr
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Angular part
m
Y1 m(cos0) = Nj, [(1 — cos? 9)7]

Yy,1(cos0) =Ny [(1 — cos* 6)%] [m

Y3 1(cos0) =Ny ; [(1 — cos? 6)%]

W1,1(cos6) =Ny, [(Sinz 9)%]
W,1(cos6) = Ny [sin6]

T
f {N,,[sin6]}* sin6de = 1
0

T
NZ, f sin?0sin8dd =1
0

N2 [1 30 3 O]H—l
11|75 08 7 €08 T

V3
Y, 1(cos 6) = Ny 4[sin 0] = 7sin 0
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{(1 = cos? 6)1}]

1 . . I-m
% [(l —m)! (1 = cos™) d(cos §)I-m
(1 —cos?8)! W{(l — cos? 9)1}]



